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ABSTRACT

-This work addresses the design and analysis of the

Pitch, Yaw and Roll autopilot for application to the

Bank-To-Turn (BTT) missiles. At first, the linear

uncoupled channels were designed and analyzed according to

the desired requirements. Utilizing the uncoupled

channels, the linear coupled autopilots were designed, not

including the inertial, kinematic and aerodynamic

4. cross-coupling. Then, the nonlinear CBTT autopilots were

designed and analyzed, using the linear CBTT (coordinated

Bank-To-Turn) models, which now have coupled with

kinematic, inertial and aerodynamic cross-coupling. The

minimization of the above kinematic and inertial coupling

and their effects were completed using feedbacks of

angle-of-attack and rate of angle-of-attack in the Pitch

autopilot.
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TABLES OF SYMBOLS AND ABBREVIATION

BTT Bank-to-Turn

CBTT coordinated Bank-to-Turn, minimum sideslip,

positive a, #e  180 deg

CRDT coordinated Roll-During-Turn

C1  rolling moment coefficient

C1  slope of curve of rolling moment coefficient,
CI vs B

C change in CL per degree roll control incidence,
a R 6 R

C1  change in C1 per degree yaw control incidence,

Cm  pitching moment coefficient

C3m slope of curve of pitching moment coefficient
a Cm vs a

C change in Cm per degree pitch control

incidence, 6p

CN normal force coefficient
CN slope of curve of normal force coefficient CN

*a vs.a

CN change in CN per degree pitch control

Incidence, 6 p

C yawing moment coefficient

C slope of curve of yawing moment coefficient, Cn
n ~ vs 0
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q pitch angular acceleration about Y

Qe constant or equilibrium pitch angular rate

r yaw angular rate about ZB

rc yaw angular rate command (coordination command)

r yaw angular acceleration about Z8

S reference area for coefficients = t ft

STT Skid-to-Turn, roll attitude stabilized

u velocity component in XB direction

v velocity component in YB direction, assumed to
be constant

V constant missile flight path velocity

V missile velocity vector

w velocity component in Z. direction

XB body-fixed roll axis, along axis of symmetry,
positive forward

YB body-fixed pitch axis, positive starboard

Yv vehicle axis in local horizontal direction,
approximated as inertial axis

ZB body-fixed yaw axis, forms right handed
orthogonal system with XB and Ya

Zv vehicle axis in downward direction along local
gravity vector, approximated as inertial axis

q achieved normal acceleration in Z v direction

nZ commanded normal acceleration in ZB direction
c

" ZB achieved normal acceleration in YB direction

q Z achieved normal acceleration in Z B direction

18



C change in C per degree yaw control trcidence,
n6y 6 y

C n change in Cn per degree yaw control incidence,

C Y side force coefficient

C y slope of curve of side force coefficient Cy vs
0Y

C¥ change in Cy per degree yaw control incidence,
6y 6y

Cy change In Cy per degree roll control incidence,

OR  OR

d reference length for cefficients = 2 ft.

,moment of inertia about B axis
Izz moment of inertia about YB axis

Izz moment of inertia about ZB axis

t -. I x moment of inertia about X B axis

.K autopilot pitch acceleration error gain

Syp CBTT autopilot coordination branch gain

J, LBTT limited Bank-to-Turn may or may not be
coordinated, positive and negativea, .e 90
or 45 degrees

P roll rate about XB

P roll acceleration about XB

P constant or equilbrium roll angular rate

POC preferred orientation control

q dynamic pressure

q pitch rate about YB

19
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.'.. n Yachieved normal acceleration in YV direction

nC normal acceleration command from guidance
computer in ZV direction plus anti-gravity bias
comand

#c  roll attitude command from guidance computer,zero degrees in ZV direction and 90 degrees in

Y V direction

• roll attitude, zero degrees in -Z V direction
and 90 degrees in YV direction

o Elevation Euler Angle, second rotation,
(q cos# - r sin#) dt

a 6p pitch control incidence (positive tail
incidence produces negative pitching moment)*

a c commanded pitch control incidence, ap

a Y yaw control incidence (positive tail incidence
produces negative yawing moments)*

a Yc commanded yaw control incidence, 6y

6R roll conntrol incidence (positive tail
incidence produces positive rolling moment)

a R commanded roll control incidence, 6R

a e constant or equilibrium angle-of-attack

Sangle-of-attack

Sange-of-attack rate

smodified form of estimated angle-of-attack for
autopilot coordination command

angle of sideslip

sideslip angular rate

20
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,I. INTRODUCTION

In recent years, the application of Bank-to-turn

guidance to missiles has generated considerable interest.

This interest has been motivated by the drag reduction,

which the Bank-to-turn (BTT) controlled missiles offer,

over the conventional cruciform roll stabilized,

skid-to-turn controlled missiles.

Bank-to-turn steering may provide improved performance

for missile systems. In addition, the ramjet engine inlet

configuration is believed to provide a greater range

capability than other inlet configurations. BTT control is

required to satisfy the sideslip constraints imposed by

chin inlets. Despite these facts, there are unanswered

questions concerning BTT systems stability during homing,

guidance performance, autopilot and guidance logic design

and subsystem requirements which must be investigated

before Bank-to-turn steering can be considered a viable

method of control for high performance missiles.

Many missile programs were initiated during the past

decade to improve their capability via Bank-to-turn

control. The results have advanced the understanding of

the different missile subsystems. In the autopilot area,

many types of autopilots have been found which force the

missile to roll or bank so that the steering maneuver

22
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occurs with the airframe oriented in a specified or

preferred direction with respect to the incoming airstream.

This entire class of autopilots may be referred to as

preferred orientation control autopilots.

Also, simplified guidance studies which neglect radome

effects and assume coordinated missile motion have shown

that CBTT can provide acceptable performance with roll

rates that are not excessive for autopilot control. These

studies were made for a medium range area defense mission

and a long range suppression mission and considered both

high lift and moderate lift configurations [Ref. 1].

The present work reviews the design and analysis of

the pitch, Yaw and Roll autopilot for application to the

Bank-to-turn (BTT) missiles developed in (Ref. 2]. At

first, the linear model of the uncoupled autopilot channels

will be designed and analysed in the critical areas of

concern regarding the response of CBTT control for the

circular and elliptical airframes. Then, the designed

autopilot channels will be coupled using suitable

aerodynamic models and a measure of sideslip control is

obtained by roll command to the linearized CBTT autopilot.

The relative stability of the autopilot branches and means

for improving stability will be discussed. In a later

chapter the non-linear three dimensional model will be

designed, using a three dimensional aerodynamic model and

23



the same control laws described in the linear studies,

except for a minor modification to the coordinating branch

dependence on Angle-of-Attack and also the inclusion of

Anti-Gravity Bias. Next, the kinematic and inertial

coupling effects between pitch and yaw dynamics will be

studied. Transients in maneuver plane acceleration are

caused in the above cross-coupling effects and are in the

form of overshoots and undershoots. Coupling transients

will be reduced by increasing pitch stability. The

* technique of feedbacks of Angle-of-Attack and rate of

Angle-of-Attack for the pitch autopilot, will be

considered, in order to decrease kinematic and inertial

cross-coupling effects. Finally conclusions and

recommendations for future study will be stated.

24
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II. LINEAR DESIGN AND ANALYSIS OF UNCOUPLED AUTOPILOTS

FOR CIRCULAR AND ELLIPTICAL AIRFRAME

A. GENERAL

The linear design and analysis started with uncoupled

autopilot channels, i.e. aerodynamic, kinematic and cnntrnl

law cross-coupling between Pitch, Yaw and Roll channels

were removed. The autopilot design technique was

classical, using a combination of frequency response and

root locus techniques [Ref. 2], providing the range of

required missile body angular rates, control motions and

minimizing the influence of aerodynamic variations on

'desired responses. To achieve the desired maneuver plane

acceleration response for the CBTT autopilot, both Pitch

and Roll uncoupled autopilots were designed to have a time

constant of 0.5 sec in order to achieve the desired

maneuver plane speed of response. The Yaw channel which

follows the Roll channel motion to produce desired

coordination (i.e. minimization of sideslip angles), was

designed to have a more rapid response than the Roll

channel, having 0.39 sec for circular and 0.36 sec for

elliptical time constant in the maneuver plane acceleration

response. The whole design was done for the constant

flight condition of 60 KFT altitude and mach number 3.95.

* *, The design discussed here was developed by Arrow [Ref. 21.
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- "In this chapter the airframe configurations, the

aerodynamic models and control laws for the Pitch, Yaw and

Roll channel are reviewed. The transfer functions for both

circular and elliptical configuration are derived. An

analysis for every channel in regard to the acceleration

responses, the body angular rates and control surface

deflection is made. Also, a comparison of airframe

responses for every channel is made, considering the

relative stability and required control surfaces.

A general block diagram, of the channels and the

command, which are applied to the control laws is shown in

Figure 2.1. A number of the Figures shown in this report

have been taken from [Ref. 2].

B. AIRFRAME CONFIGURATIONS

The U.S. National Aeronautics and Space Administration

maintains a continuing research effort in missile related

aerodynamics. In this effort monoplanar missile concepts

have been considered, in part, because of the relatively

low geometric profile that can be achieved for convenient

carriage [Ref. 1]. The two Airframe Configurations studied

in this research were taken from (Ref. 1] and are shown in

Figure 2.2 and Figure 2.3. The circular cross sectional

body has a closure ratio Abase/Amax of 0.69 and the Amax

* ., occurs at 68.0% body. The Elliptical has an exact 3:1

26
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S. elliptical cross section, and its cross section area is the

same as the area of circular body. The span of both

airframes is the same. The wing area and span for the

circular concept were chosen as typical of current

*maneuvering missiles. The wing for the elliptical

configuration was determined by projecting the elliptical

body on the circular bodywing planform. The resultant

exposed wing planform then became the wing for the

elliptical body. The tails for each design had a dihedral

of 3 0 degrees as shown in Figure 2.2. In order for tail

deflection to be compatible with complex surfaces of the

afterbody of the elliptical configuration, the tail hinge

line was skewed such that a 10 degrees deflection measured

at the body-tail juncture had a resultant 7.04 degrees

surface deflection, as shown in Figure 2.3 and [Ref. 1].

Comparison of the elliptical cross section concept with the

circular cross section concept indicates the following:

', 1. About 25 percent more normal force, that is nearly
independent of angle of attack can be achieved at

supersonic speeds.

. 2. Values of the longitudinal stability parameter Cm
a

are more positive, with more pronounced nonlinearities in

pitching moment occuring at subsonic speeds.

3. Levels of directional stability are increased and

_-_ r are more compatible with levels of longitudinal stability.

30
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4. Noticeably more yaw control is available, although

suitable locations for tails on the body are more limited

because of the geometry of the elliptical body.

C. UNCOUPLED LINEAR PITCH CHANNEL

1. Aerodynamic Model

..The initial phase in the design of the CBTT

autopilots involves the design of the uncoupled pitch

channel. The linear pitch channel dynamic model which is

used, is shown in Figure 2.5.

This figure is taken from [Ref. 2]. The above

.* model is linearized for stability studies. The following

three assumptions were made:

a. Plane X -Z is the maneuver plane, shown in
0 B

figure 2.4

b. Missile is trimmed in pitch, that is My=0, at

fixed values of , q and 6p

c. Missile roll rate is constant. Using the

foregoing assumptions, and the approximation that the

variation in forward velocity (u), is equal to zero, a

simplified set of longitudinal equations of motion are

constructed applicable to short period motion. These

equations describe the two degree of freedom, short period

mode longitudinal motion.

Linearized aerodynamic derivatives for M-3.95

' are provided in Table I.
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TABLE I

Linearized Aerodynamic Derivatives (M 3.95)

Circular Elliptical

00 0 0 0 0
- 0 °  10 ,, 20 °  60 -- 10= 20

C y - .065 - .082 - .111 - .043 - .054 - .064

C n - .025 - .019 - .003 + .024 + .024 + .032

CL 0 - .009 - .020 0 - .027 - .040HB

SY+ .021 + .022 + .028 + .016 + .015 + .019

Y
Cn Y  - .050 - .053 - .062 - .042 - .039 -. 045

C& 0 - .016 - .038 0 - .010 -. 023

d.1.

C 0 - .009 - .022 0 - .006 - .014

Cn 0 + .018 + .044 0 + .014 + .032
8R

C L + .031 + .035 + .044 +- .023 + .023 + .029

CN + .15 + .17 + .22 + .18 + .22 + .30

CN  + .04 + .04 + .05 + .02 + .02 + .025

p

Cm - .060 - .065 - .118 + .015 + .0137 - .125
6

-I Cm .080 - .095 - .115 - .055 - .055 - .075

Reference C.G. at 0.6
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.2. Pitch Control Law

The pitch control laws for the circular and

elliptical airframes are shown in Figure 2.6 as given in

the [Ref. 2]. Lag-Leads were used to prevent guidance

noise saturation problems. An integrator was used in the

acceleration error branch of the circular control law to

satisfy the guidance requirement of zero steady state

error. In the elliptical control law, an integrator was

placed in the rate error path (i.e path after the adder

-(q+y), as shown in Figure 2.6) for reduction of the

acceleration response overshoot below 10 percent and a gain

K-1.1053 was placed in series with the acceleration command

for zero steady state acceleration error.

A normal acceleration command nz equal to 1 gee,
C

is applied to the pitch control law which uses measurements

of missile body pitch angular rate (q) and pitch normal

acceleration (nz) to determine the required actuator

command (6pc). The actuator is modeled as a first order lag

at 188.4 rad/sec and is shown in Figure 2.5.

3. Transfer Functions of Aerodynamic Models for

Circular Airframe

The equations which are represented by the block

diagram of the aerodynamic model, of the uncoupled Pitch

channel (Figure 2.5) are:
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ct ~ ( ,5Jf,..c+ 5T. *Cl~p 1 /.I [ai.C]J,5~
(II.C .3-1)

+ '... (II.C.3-3)

Utilizing Laplace Transformation, the above

equation becomes:
, 59= C."' OL + So3 CVS," - P) (II.C. 3-4)

ITy)l :5 - T-,3 Co,,+ ,> - OL<)/ (II.C.3-2)
*- ST.3(9 + 32.''/V CII.C.3-5)

Introducing equation II.C.3-2 to II.C.3-5 the last

equation yields.

s (c '' +-.3C,,,,. P) (II.C.3-6)
vy

' .. 32 A (5.3 ," p+4c,.

(II.C.3-7)

Rearranging above equations, in terms of q and a,

we obtain:
'Q"( W ",., na ' 4 6p). (II.C.3-8)

-5.9 (S+5W CN) P (II.C. 3-8)

Applying the Cramer's rule in the system of

equation II.C.3-8 and II.C.3-9 the transfer functions qlp

and u/8p are obtained.
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A.- Is oa c .vw -c q AH

* /

, ? (iSc._-__

w .- , 

(II.C. 3-10)

And:

I'y

::. (I .c. 3-11 )

.. Where:

"K = (57.3) (32.2) 0.48

S = 3.14159 (ft2)

d = 2 (ft)

- 1650 (lbs/ft2)

,- 804 (slug-ft )

W - 2525 (ibs)

Cm - -0.06
m

Cm  - -0.08

cN - 0.15

N8" -'" ,C N  0 .0B 4
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a = 0

As referred to in Appendix A and Table I. After

substituting the aforementioned values into equation

II.C.3-10, it becomes:

q - 133iS - oI(IIc3-12)
.T. 22.S145 x6 3 S+1.3633X5.fs+I "

Introducing equation II.C.3-12 into equation

II.C.3-2 the last equation yields:

S3KW)Gi(a 3 283.2s 4jms o

.L: (~Kre~ E1)s w-__s_. __s

./*IW 1Y. -( KCT 6.3-Sm

(II.C. 3-13)

Substituting the above mentioned values into

equation II.C.3-13 and minor manipulating, it yields:

lz _ o6.o~q x46.5~ - t?.t2It. - ['aX4. -I-2 es / rad)
.2 2. 551X0- 5+3.3&53XPS + (II.C.3-14)

The equations II.C.3-12 and II.C.3-14 are the
"pitch aerodynamic transfer functions for the pitch angular

rate q about the YB and the achieved maneuver acceleration

in the zB direction (nz).

4. Design Approach and Analysis For Circular Airframe

., A Fixed Flight condition was selected for these

preliminary performance studies of circular and elliptical

M-A_ airframes. The selected flight condition, at 60KFT

- '-altitude and mach 3.95, provides a sufficiently low dynamic
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- - pressure, so that missile maneuvers will result in large

enough angles-of-attack, to exercise side slip control.

The above fixed condition was selected, in order to reduce

the complexities of design of the CBTT autopilots.

The uncoupled autopilot design technique was

classical, using a-combination of frequency response and

root locus technique [Ref. 2] to achieve practical

bandwidths (i.e., sufficient high frequency attenuation)

and therefore provides the range of required missile body

angular rates and control motions. The analysis of the

CBTT autopilot channels is based, on the time responses of

manuever plane accelerartion, body angular rates and tail

incidence angles.

For purposes of analysis, a CSMP program was

written (Appendix D) using the equations which are

represented by the block diagrams of aerodynamic model and

linear uncoupled pitch control law, as are shown in figures

2.4 and 2.6.

The equations of the uncoupled linear pitch

aerodynamic model and control law are:

a. Equations of Control Law

(1) Acceleration Filter Equation

4 ' "  (II.C.4-1)

Rearranging above equation II.C.4-1 one obtains:
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' = -so5X+ 450il (11.C.4-2)

(2) Acceleration Compensator Equation

'1-S -0 ( _0.,5 -I)

Utilizing inverse Laplace Transformation and

rearranging the above equation, it becomes:

Using state-space representation of a system,

in which the forcing function involves derivative terms

[Ref. 5: pp. 675-678] one obtains:
,- ,..-"..-'.. Y, -~.3534 Nt,-X) (II.C.4-5)

~~~Y2 -5 V2GS} "  €X (II.C. 4-6)

Y -- I (II.C.4-7)

(3) Rate Compensator Equation

( S +
S +1

Using Inverse Laplace Transformation, it

yields: -3
&rC= -OA443- -3110.SSO (Y1-Xi)- 2.2308-(Y4 -)c4)

(II.C.4-8a)

b. Actuator Equation (Figure 2.5):

L-.(II.C.4-9)
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c . Equations of Aerodynamic Model

In order to achieve the plots of the time

""response of q, nzip 6 Pin the linear uncoupled pitch

.e-..channel, the transfer functions which are represented by

'- the aerodynamic model and derived in section II.C.3, were

,, used :
4--.30- -0.SS (I.c.4-11)

or

I (II.C. 4-11a)
.Rearranging and minor manipulating equation

o otII.C.4-roa it yields:

Utilizing state representation o a system in

¢p

which the forcing function involves derivative terms, as in

section II.C.4, one obtains:
.-- X2 - 59.205. (II.C.4-13)

X 44-3.556 X - 4 .t3x16 3Xs+1;fSp (II.c.4-141

q (II.C.4-15)

Also, rearranging and manipulating in the sameway, equation II.C.3-12 yields:

k 2 - 40J401 Xl p8 ?5 (II.C.4-16)
g - 4q.35a ?I - 49.42X4 2 -1.0433X 4 -SP (II.C. 4-17)
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Ii+4-5S (II .C. 4-18)

Utilizing state-space representation, all the

aforementioned equations can be modeled in the following

ninth order system:

o, 1 0 0 o 0 0 0 59.266'i, 0

i2.o 05000 L 0

0 0 0 0 0 0 o .iO2 i 0

0 0 -. 3 -0.4S0 0 o o -1443 Z 0
0X: 0 o 50 0oS o 0 o q.;os X4 0

e 0 0 0 0 0 L .5 1 0 0 Y 13

Y2  0 0 0 0 0 6.5Ta-. o Y2

' 2.231 0341 0 0 0 -o461f - 3 i r p.2
0 0 0 00 0 0 1194 M

(II.C.4-19)

where the state variables are:

X , X2 : pitch angular rate state variables

(section II.C.4)

i' Y2: Achieved Body Acceleration state

variables (section II.C.4)
X : output of Acceleration filter

'.Pc

c : input command in actuator network

: tail incidence angle

The state x, xi, Yi 6P of control law are shown in

.. ! ~ . figure 2.6.
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Executing the program of Appendix D, using an

input step function which represents the OlGee Command* and

trim angle of attack ae =0, the time response plots of

pitch normal acceleration nz , pitch angular rate q and

pitch tail incidence 6 for circular airframe are obtained.
p

Figure 2.7 shows the pitch acceleration response

of the circular airframe due to a one Gee acceleration

command, when the Missile Aerodynamic Models are linearized

about zero angle of attack (a). The response has a 0.5

seconds time constant, steady state error 0.005 and 2.5%

overshoot, which are according to the requirements referred

to in appendix C.

Figures 2.8 and 2.9 show the required body

.-. angular rate and control surface deflection, to achieve the

acceleration response. These responses matched those

presented in [Ref 2].

5. Design Approach and Analysis For Elliptical

Airframe

The design technique used for the elliptical

airframe, is the same as that of the circular airframe.

The analysis of the Pitch channel for the elliptical

airframe was based again, on the time response plots.

For the above purposes, a CSMP program was

written, as in the case of circular airframe, referred to

"'." in Appendix D.
44
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-. The equations of the uncoupled linear Pitch

channel for elliptical airframe, which are used in the

above CSMP program, are:

a. Equation of Control Law

V The control law of the uncoupled linear Pitch

channel for the elliptical airframe is very similar to the

* .'o 5

control law for the circular airframe, with only

differences in the gain of acceleration and rate

compensators. Elliptical control law is shown in figure

D -..

2.6., taken from [Ref. 2].

(1) Acceleration Filter Equation. The

Acceleration filter equation is the same as in section

II.C.4

(2) Acceleration Compensator Equation

Utilizing, inverse Laplace Transformation

and rearranging II.C.5-l it becomes:

(3) Compensator Equation

(II.C.5-3)

Using inverse Laplace Transformation, it

yields:

-5-3

•W or 31I.C.4X) 301(-(4 I.C54
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b. Actuator Equation (Figure 2.5).

As in section II.C.4,b

c. Equation of Uncoupled Linear Pitch

Aerodynamic Model

The equation for pitch angular rate was

derived, as in section II.C.3, the only differences are in

the constants W=2475(lbs),

Iyy=790(Slug-ft2 ), Cm =0.015, Cm 6=-.055, Cn =0.02 and
P P

Cn =.18, as referred in the Appendix A and Table I.
a

Manipulating according to the inverse Laplace

Transformation rules and rearranging, one abtains.

. = (5.6s6o.613)/(-88-64M IKDS4' 45.5X465 (II.C. 5-5)

Using state-space representation of a system,

in which forcing function involves derivative terms [Ref.

5: pp. 675-678.] It yields:

= Xi -4.29. p (I.c.5-7)

9= . (II.C. 5-8)
11UsX 1g.q.ox-5.gqJ

Also, Manipulating with same way the equation:

-: -~ - ~ (II.C.5-9)

Jp -82*4XIP.Si+1S.. X4 S + .

Yielding
. '4 2 + S28.3 X I 4S.Sp (II.C.5-10)

U i281541 + 49.9,4i VA 2 -29;35 -S ('II. .5-11)
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(II.C.5-13)

where the state variables are:

XI, X2 : pitch angular rate state variables

V.S (section II.C.4)

Y1, Y2: Achieved Body Acceleration state

variables (section II.C.4)

X : output of Acceleration filter
6p
c : input command in actuator network

6p : tail incidence angle

The state X, X1 , Y1I 6P of control law are shown in
c

Figure 2.6
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Utilizing, the above state variables system, a

CSMP program was written (Appendix D) to achieve the time

response plots of nz , q and p As input a step function

is used, which represents a one gee command. The trim

angle of attack (ae) is equal to zero.

Figure 2.10 shows the pitch acceleration

response of the elliptical airframe due to the command. The

response has a time constant of about 0.5, steady state

equal to zero, and overshoot o%, keeping the requirements

referred to in Appendix C.

Figures 2.lland 2.12 show the required body

angular rate and control surface deflection, to achieve the

acceleration response.

.6. Comparison of Airframe Response

Figures 2.7 and 2.10 show that the Pitch

acceleration response of the circular and elliptical

airframe are approximately the same having a 0.5 second

time constant and negligible overshoots.

Figures 2.8,2.9,2.11 and 2.12 show that to achieve

the acceleration response the elliptical airframe requires

less body angular rate and control surface deflection. The

elliptical airframe requires less control surface

incidences, because the transfer functions have a higher DC

gain and poles which are located at a lower frequency due

mainly to a more neutrally stable airframe.

'.5 ......
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""* The DC gain [(qS/w).(C N  Cm / Cma- CN )] is directly
ap p

proportional to pitch control moment C and inversely

p

proportional to magnitude of stability margin in Pitch

(i.e., Cm /CN or distance from center of pressure to
a a

center of gravity). Thus the nearly neutrally stable

elliptical airframe is expected to have a higher gain than

the stable circular airframe even though its control moment

coefficient is slightly smaller. Higher DC gain will

require less control surface incidence. The zeros of nz/ 6 
p

are directly proportional to CN and the location of the
N

ratio Cm / CN or the distance from the point of
6 6

p p
action of tail forces to the center of gravity.

Hence, for the elliptical airframe which has

larger CN the zeros of nz /6 are located at a higher

frequency. Lower control surface incidences and higher

frequency nZ/d zeros of the elliptical airframe will

simplify the design of a rapidly responding Pitch

autopilot.

K D. UNCOUPLED LINEAR YAW CHANNEL

The purpose of the Yaw channel autopilot of a CBTT

autopilot is to minimize sideslip angle or provide

e- coordinated motion between Roll and Yaw channels. This was

7 ""7! accomplished in two ways. First, the uncoupled Yaw channel

55
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autopilot, (i.e, Roll and Pitch dynamic effect neglected)

was designed as a regulator (i.e no guidance command and

with rate and acceleration feedback) to help minimize

sideslip angle. Second, to aid in sideslip control, the

regulator was commanded from the Roll channel as explained

in chapter III.

1. Aerodynamic Model Control Law

A block diagram of the uncoupled Yaw channel is

shown in Figure 2.13, taken from [Ref. 2]. In this diagram

the aerodynamic model and the Yaw control law are involved.

Also, the Yaw control law without the accelerator is shown
*.%

in Figure 2.14. These figures were abstracted from

S [Ref. 2].

The normal acceleration ny is not used to

command the CBTT autopilot. Instead, it is used for the

design and analysis of the uncoupled channel. The command

used by the coupled system is shown in dashed lines and is

a yaw angular rate command, rc.

The yaw control law is governed by missile body

yaw angular rate (r) and yaw normal acceleration ny. The

yaw control law determines the required command 6
Yc

to an actuator, which is approximated as a first order lag

at 30 Hz (188.4 rad/sec).

The aerodynamics, linearized about a trim ae

rv v -'- angle-of-attack equal to zero.
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2. Transfer Functions of Aerodynamic Model

The aerodynamic characteristic of the Yaw channel

are modeled by a second-order system, by the following

equation, where the states are r, yaw angle and ,

" sideslip angle:

. and also, by the equation:

substituting equations II.D.2-3 into II.D.2-2, the

last equation becomes:

S5s.3 . -,  (Cy .e + o sS.3. y.Sv)) (II.D. 2-4)

S"' ""Taking the Laplace Transform of the equations, one

obtains
"'." A 6 " 8 S- (II.D. 2-5)

V
(II.D.2-6)

Rearranging above equations, in terms of q and a,

they become:

48- ., TV IC1r (I1 D. 2-7)

In...Il Ill .(Y

+,: w W
8 .(II.D.2-8)
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Applying the Cramer's rule in the system of the

equations II.D.2-7 and II.D.2-8 the transfer functions r/6y

and 0/6 are obtained.

:' ;li _ t ).. - w . 711'& _, ).S + (__ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
- In (II.D.2-9)

and R5 .!K cY- 29.2S.95 -icY

, ""Ivy

... :s+ (KqSC,,. .s-5.qCUO
-, IYV (II.D. 2-10)

(57.3). (32.3)
K = ------------- 0.48

V

q = 1650 (lbs/ft2)

S = 3.14159 (ft 2

d " 2 (ft)

Izz - 810 (slug-ft
2)

, w - 2525 (lbs)
, n  - -0.025

: A, Cn 6 - -0.050
y

SO -0.065

C
Y6= 0.021
y

=0
e

As referred to in Appendix A and Table I.

,* Substituting the aforementioned values into equation

(II.D.2-9), it becomes: 60
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.... , I 3- ( ,,) (II.D.2-.)

"" """" " 5454M"- -.. IB.I.xIo' S +I

Introducing equation II.D.2-10 into II.D.2-3 and

rearranging the last one, the transfer function of yaw

normal acceleration in terms of the yaw control incidence,

is obtained:

* .. ___+ .__ __ .s-__ ___ r. ___ __..__c._ _ _"

(II.D.2-12)

After substituting the values into the equation

(II.D.2-12), one obtains:

(II.D.2-13)

The above transfer functions are used for finding

the time responses of the yaw angular rate r and the yaw

normal acceleration.

, Using inverse Laplace transformation, the equation

II.D.2-11 and II.D.2-13 become:

t+ 5.338 X ow4 i93350 2.3S4Sy-32.629dV (II.D.2-15)

- The equations II.D.2-14 and II.D.2-l5 involve

derivative terms in the forcing function. Using rules of

state-space representation of a system [Ref. 5: pp

675-678], they turn:
:*. .~61
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$ " ' 'I = X2-.36. 6I. y (II.D.2-16)

(2 = i&. 5xi -38XiO.ZX- .o4 (II.D.2-17)

=-- X (II.D.2-18)

4- --- 2.2". 51.X10 3 - . :- (II.D.2-29)
3 S

i2= J8. 335 - 1 - 5 .3 38X j 'a2 : 1. S y (II.D.2-20)
.2= + 2.3 i. (y (II.D.2-21)

3. Equations of Yaw Control Law

As mentioned before, the yaw control law is

governed by missile body yaw angular rate (r) and yaw

normal acceleration n y and it is used to determine the

required command 6Yc to the actuator. The yaw control law

at the flight condition of interest (i.e, Mach 3.95, 60kft)

is shown in Figure 2.14, taken from [Ref. 2]. The rate

compensation determines the high frequency attenuation and

is used to minimize aerodynamic variations on the quality

of regulation. The acceleration compensation determines

the acceleration bandwidth via the time constant of the
acceleration response due to a step command of acceleration

at ny
c

a. Acceleration Compensator Equation:

o .31946,. v (II.D.3-1)
S0.26 +

Inverse transforming and rearranging the

II.D.3-1, it turns into:

-5 Y S.... (3 y-'Ay,) (II.D.3-2)
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b. Rate Compensator Equation:

S

Utilizing inverse Laplace Transformation

and introducing equation II.D.2-16, the equation II.D.3-3

turns into:

Si, 6:i o~~ y ) + 4. 95 (Y+)c1) (II.D. 3-3a)

c. Actuator Equation:

____________ _ (II.D. 3-4)
Sy S S

181.14 +

Inverse transforming and rearranging the

equation II.D.3-4, it turns into:iS
6Y 194-SY+IS Y (II.D.3-5)

Using state-space representation, all the

aerodynamic model and control laws can be modeled in the

following seventh order system:

0 0 0 -U.l, X4 0

X2  U335 -06 0 0 0 0 -0.863 Xz 0
0 0 0 1 0 0 -026 ?a 0

.0 0 U.335 -0,51, 0 0 -01. 6 Z + 0 %,Vc

0..: 0 1591 0 -5 0 3.8:; Y
I 4 '.25 0.418S O.15 0 2.1425 0 AJ?.1 SY,

ry 0 0 0 0 2 .0 f4 -...

(II.D. 3-6)
where the state variables are:

X1 , X2 : pitch angular rate state variables

. (section II.D.2)

63

L.
M -7



,.-. .. %

Y yaw acceleration state variables

(section II.D.2)

Y : output of acceleration compensator

P c : input command in the actuator

6p : yaw tail incidence

The state XI , Y, 6y cof control law are shown in

Figure 2.14.

4. Design Approach and Analysis of Circular Airframe

The design technique used for the Yaw channel is

the same as the technique used in the Pitch channel. The

analysis of it, for circular airframe is based, on the time

-responses of the yaw angular rate r, the yaw normal

. acceleration ny and yaw tail incidence 6y

For purposes of analysis, a CSMP program was

written (Appendix E) using the state-variable system which

is represented by the block diagram of the yaw aerodynamic

model and control law.

Executing the referred program, using as input a

step function, which represents the "one Gee Command" and

trim angle of attack ae-0, the time response plots are
-- e

obtained.

Figure 2.15 shows the yaw acceleration response of

the circular airframe. The response has a 0.39 seconds

time constant, 7% overshoot and steady state error 0.018
-; .. °.

.5., 64
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which are according to the requirements referred in

* Appendix C.

Figures 2.16 and 2.17 show the required body yaw

angular rate and control surface deflection, to achieve the

acceleration response. Again these results matched those

of (Ref.2].

5. Aerodynamic Transfer Function for Elliptical

Airframe

The transfer functions for yaw angular rate and

yaw normal acceleration for the elliptical airframe, were

derived in the same way as in section II.D.2. The

only differences are in the following constants

w = 2475 (lbs)

Izz = 853 (slug-ft

Cn 0.024n

Cn = -0.042

yC = -0.043
-I, YB

Cy = 0.016
6Y

As referred to in Appendix A and table I.

a. Transfer function of yaw angular rate r.

Ir -1I.7496S - 5 0.0591 ,- I.D51-p-3

. ,. ,.. ,.
TV 59.S3816 S2+2.593X4O-S+i
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--o" b. Transfer function of yaw normal acceleration ny

-32

y -5 .%32xo -. I5,2.s593X4o.s+t \.rad

Using inverse Laplace transformation, the equation

II.D.5-1 and II.D.5-2 becomes:

S 4333X40.,r44&jI., =-29.23. - q.36X45 (II. D. 5-3)

,Yly - 43.333X10 bly 416.flhlly 1.91S.y-{8.&6S3-Sy (II.D.5-4)

Utilizing state representation of a system in

which the forcing functions involve derivative terms, as in

section II.D.2, the above equations yield:

Xl- 2 .29. 221 'jy (II.D. 5-5)

1 2 = -7111 )X4 43.33-6)46!X2 26.I4 3 & (I1.D1. 5-6)
.-, .- ='- XI (II.D. 5-7)

-- - :2-93.O0X46!JV (II.D.5-8)
" :-::- [h--iTi.T I:F. i - 4 3.333MO Z2 .. - SO.6634} • Sy (II. D. 5-9)

'Ay=Ii+ (35i-sy(II.D.5-90)

-.* The aerodynamic model for elliptical airframe is

shown in Figure 2.13.

6. Yaw Control Equation for Elliptical Airframe

The control law of uncoupled linear Yaw channel for

elliptical airframe, is similar to the control law for

circular airframe. There are differences in the gains of

the acceleration and rate compensators, as is shown in

W Figure 2.14.
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a. Acceleration Compensator Equation

Utilizing inverse laplace transformation and

rearranging the equation II.D.6-1, it turns into:

----4 V + 3.35+4" (-'NY, +AY) (II.D.6-2)

b. Rate Compensator Equation6.o~~S +jt,(v

S(II.D.6-3)

Inverse Laplace transforming and introducing

the equation (II.D.5-7) into the equation (II.D.6-3), it

turns into:

0 .608(Yit) + .02 (y+x4 (II.D.6-4)

c. Actuator Equation

Same as the equation II.D.3-5.

Using state-space representation all equations of the

aerodynamic model and control law, can be modeled in the

follow seventh-order system:

fl 0 0 0 0 o-9.22 o 0

K2  -102 -0.1433 0 0 0 0 0.21' )2

o o o 1 0 o-0,25 10 0

: 0 o -i.7 -O.4% 0 0 - o. . + 0 yt1

_ S o o f-2 0 03o j V -3.36

C ;.08 0.608 2.044 -2.43Z o 3.3f Yc -0.04

0 0 O" 0 0 . -iM

.,. ~--;(II.D.6-5)
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where the state variables are:

Xl, X2 : yaw angular rate state variables

(section II.D.5)

Zl, Z2: yaw normal Acceleration state

variables (section II.D.5)

Y : output of acceleration compensator network

6y : input command in the actuator
c

6 : yaw tail incidence

* The state X1, Y, 6y of control law are shown in Figure
c

2.14.

7. Design Approach and Analysis for Elliptical

\" -Airframe

The design technique and analysis for elliptical

airframe is the same as that, in section II.D.4. Again,

for purposes of analysis, a CSMP program was written

(Appendix E) using equations of aerodynamic model and

control law.

Figure 2.18 shows the yaw acceleration response of

the elliptical airframe. The response has 0.35 second time

constant, overshoot about 6% and steady state error 0.01

which are according to the requirerments, (Appendix C).

Figures 2.19 and 2.20 show the required body yaw

angular rate and control surface deflection, to achieve the

acceleration response.
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E. LINEAR UNCOUPLED ROLL CHANNEL

Generally, the purpose of a roll channel autopilot is

to command the # signal, in order to roll the missile

through an angle #, measured from the vertical axis.

The roll channel of a coordinated bank-to-turn

autopilot is commanded to roll the missile so as to put the

preferred maneuver direction of the missile in the

direction of the guidance acceleration command, while the

pitch channel acceleration is commanded to produce the

total magnitude of the guidance acceleration command.

The desired maneuver plane acceleration should be

attained as rapidly as the achieved body-fixed pitch

acceleration. To accomplish this, the uncoupled roll

channel autopilot was designed to have the roll angle time

constant equal to the time constant of the normal

acceleration achieved by the uncoupled pitch channel

.b. autopilot. This is not necessarily the optimal
relationship betweem the two time constants.

1. Roll Aerodynamic Model and Control Law

A block diagram of the uncoupled Roll channel is

shown in Figure 2.21,taken from [Ref. 2]. In this diagram

_the aerodynamic model is involved. Also, the roll control

law is shown in Figure 2.22. These figures were taken from

[Ref. 2].

The roll control law is commanded by roll angle *c

".-." is governed by roll angular rate p and roll angle * and

75
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determines the required command 6R  to an actuator which isc

approximated as a first order lag at 30Hz (188.4 rad/sec).

The aerodynamics, linearized about a trim angle-of-attack

(ae) equal to zero.

2. Equations of Aerodynamic Model for Circular

Airframe

The aerodynamic model is represented by the

following equations:
-j ( IIE,,. )

P~ PrctcIsec) (II.E.2-2)

where:

q =1650 (bs/ft)

s = 3.14159 (f

d= 2 (ft)

Ixx = 40 (slug-ft
2

C9 0.031
6R

As referred to in Appendix A and Table I.

Substituting the above values in equation II.E.2-1, it

yields:

S 034 6.& (n.E. 2-3)

3. Equations of Aerodynamic Model for Elliptical

Airframe

The aerodynamic model equations are similar to

those for the circular airframe, with the only differences
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in the constant I x=ll0(slug-ft) and C 0.023.

Hence they are:

p 2.6~* *& (~cd~sc~)(II.E. 3-)

P (Prcd Isec) (II.E.3-2)

4. Equations of Control Law for Circular and

Elliptical Airframe

The yaw control law for circular and elliptical

airframe is shown in Figure 2.22.

a. Roll Angle Compensator Equation
.2.2

(II.E.4-1)

inverse Laplace transforming the equation II.E.4-1

it becomes:

X +1-- .6 (Oc-,) (II.E.4-2)

b. Rate Compensator Equation

f0A c C. (-L+4)

Utilizing inverse Laplace transformation, and

minor manipulating the equation II.E.4-3, one obtains:

%f-5.Y4 50.333X100(-P) 4 o.15-'5(x-P) (II.E. 4-4)

c. Psuedo Differentiator Equation

Xi O.003 (II. E. 4-5)

6+

Using inverse Laplace transformation and

rearranging the equation II.E.4-5, it becomes:
' -. X : ~Xj +0.042 (II.E.4-6)
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j. ,:' d. Equation of Actuator Compensator

This network of roll control law is different

for circular and elliptical airframe.

(1) Circular Airframe

__ +".-(Y j) + ") (II. E. 4-7)

Using, inverse Laplace transformation and

rearranging the equation II.E.4-7, it yields:

-"c =."['..' -- Rc+O. Y-3 3+ S(Y-X) (II.E.4-8)

(2) Elliptical Airframe

• -" "-" (II.E. 4-9 )

Inverse Laplace transforming and

-rearranging the above equation, it becomes:

15E,+ 0.5 6 933 (' ).4- 62.586 (Y- Xi

(II. E. 4-10)

e. Actuator Equation
" :'":'""" ;P = i 1'  ( C, (II.E.4-11)

..... + 1

Utilizing inverse Laplace transformation, the

equation II.E.4-11 becomes:

Utilizing state-space representation, all the

aforementioned equation of the aerodynamic models and

80
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control laws for the circular and elliptical airframes, can

be modelled in the state variables systems given below:

(1) For the circular airframe

0 0 0 0 0 9. 3 o

1 0 0 0 0 0 0 do

0 rIG9 0 0 0 0 X -14-

-0.- % 0 1.6 0 -5 0 0.353 oJao4J -Y18st

0K 0 0 0 -6 0 6.293 X~j 0

k, [.jO3 0.121 0.4183 4q.349 -i4.1t2 -5 -0.031 Sk -0.121

0 0 0 0 407%32 -199A' 0
(II.E.4-13)

(2) For the elliptical airframe

0 0 0 0 00 03*jAW p 0

.0 0 o 0 0 0 0

*X0 T6-S 0 0 o 0 X -11.6
-0.56 0.896 0 -5 0.353 0 -0.4044 Y + -0.856 *

o o 0 -' a 6.295 Xi 0

-'v.241 -0054 0.202 -3AIq1 5%14S~ -15 -0.Sft Xi, 0.504

(II.E. 4-14)

where the state variables are:

P : roll angular rate

S: roll angle

X : output of roll angle compensator

Y : output of rate compensator network
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X : output of pseudo differentiator

6R : input command in the actuator

R : roll tail incidence

The state *,X,P,Y,X1 , ay are shown in Figure
c

2.22.

5. Design Approach and Analysis of Uncoupled Linear

Roll Channel for Circular and Elliptical Airframe

The design technique and analysis is the same as

that which was used for the Pitch and Yaw channel.

For purposes of analysis, two CSMP program were

written (Appendix F) using the state variable system

represented by the aerodynamic model and control law,

Block diagram.

Figures 2.23 shows the roll angle response of both

elliptical and circular airframe. The time constant of the

roll angle response is 0.55 seconds, the overshoot 3% and

the steady state roll angle error equal to zero.

Figure 2.24 shows the required body roll angular

rate for both elliptical and circular airframes. Only the

roll tail angular deflection figures 2.25 and 2.26 is

different for the airframes, due to the method of

* compensating for a reduction in the elliptical aerodynamic

roll gain. This is desirable for the aerodynamic roll gain

(57 .3qsdCZ /Ixx ) to be as large as possible to minimize

*6 8
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,.~.*. control surface motion. It is also desirable to have as

large C as possible to minimize the effects of6

aerodynaaic control cross coupling. The circular airframe

has a considerably larger aerodynamic roll gain due to a

much smaller roll inertia and a larger control derivative

CL
6
R

pi

im8.

-87
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III. LINEAR DESIGN AND ANALYSIS OF COUPLED AUTOPILOTS FOR

CIRCULAR AND ELLIPTICAL AIRFRAMES

A. GENERAL

The linear design and analysis technique began with

uncoupled autopilot channels. The uncoupled autopilot

design technique was classical, using a combination of

frequency response and root locus techniques [Ref. 2], to

achieve practical bandwidths (i.e, sufficient high

frequency attenuation) and in turn provides the range of

required missile body angular rates and control motions, as

mentioned in section II.

In this section, CBTT control laws are analyzed to add

control coupling for coordinated missile motion. A measure

of sideslip control is obtained by applying a roll angle

command to the linearized CBTT autopilot. The relative

stability of the autopilot branches and means for improving

stability are discussed. An examination of the autopilot

sensitivity to aerodynamic cross-coupling is made.

B. AERODYNAMIC MODELS FOR THE CIRCULAR AIRFRAME
The aerodynamic models of pitch and roll-yaw channels

for the circular airframe are shown in Figures 3.1 and 3.2,

taken from [Ref. 2]. The models are linearized and were

developed for stability studies in the frequency domain.
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. . The assumptions for linearization are the same, as those in

section II.C.l.

Pitch and Lateral channels are coupled via constant

missile role rate Pe" Also, the linear model has inertial,

kinematic and aerodynamic cross couplings, which will be

discussed further, in the non-linear model.

1. Pitch Channel

The linear aerodynamic model of the pitch

channel consisted of the uncoupled model mentioned in

*chapter II, which is coupled with the Roll-Yaw channels via

constant roll rate (Pe), as shown in Figure 3.1.

In this work, the Pe was set to zero, because

- "' when Pe=O, the Qe (i.e equilibrium pitch rate) has been

* found to have negligible influence in the lateral model

(i.e roll-yaw).

% The equations, which represent the pitch

aerodynamic model given in [Ref. 2] are the same as the

equations of the uncoupled linear model, mentioned in

chapter II.

2. Lateral Channels

The linear lateral aerodynamic model consisted

of the uncoupled roll and yaw aerodynamic channel, coupled

via the linearized aerodynamic derivatives CL , C and
B y

Cn . Also, it is coupled with the pitch dynamic model via
6n"" Ro
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the Pe, as previously mentioned. The lateral dynamic model

is shown in Figure 3.2, as given in [Ref. 2].

To find the equations which represent the

lateral dynamic model, Pe and Qe are set to zero because of

their negligible influence in the lateral channel.

The aforementioned equations are as follows:

! :s,.,-E/W (gets) (II.B.2-1)

E -. Cis + CySI .y (kv) (III.B.2-2)

where:

•-- . --E2 I It? ( (s Se )  (III.B.2-3)

E2:.Ci4C4.&gC 1ys~(dq) (III.B.2-4)

51: 5.3 q,; d E4 Izxx (de3fseC) (III.B.2-5)

E.3: .ay + Ce - SPR Cde 3) (III.B.2-7)

E4 = E,3 - Ce.a (de8) (III.B.2-8)
" :RA~.S +.(S 6=(&hc (III.B.2-9)

where:

k =0.48

S = '(ft) 2

d = 2.0(ft)
- ft 2 )

q = 1650 (lbf/ft

. w = 2525 (lbf)

' Ixx = 40.0 (slug-ft2

-" 2)
Izz = 810.0 (slug-ft

Y" "--6Y 0.22

/, . -1 91
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""-" 1Cy = -0.082

C = 0.018R

Cno= -0. 019

n6= -0.053
Y

=,6 -0.016

Ct
I 6ya -0. 009

6 = 0.035
R

A 100

As referred to in Appendix A and Table I.

Substituting the values into the above equations,

they yield:

-i33.6a 6+59.S.Sg -3..) (111.1.2-11)

=O-oM4q5 P-T-O.O9O9 840.Etil-SY(deasft) (I II. B. 2-12)

c$: PISS.5 (rtxdlsec) (III.B.2-13)

C. CBTT AUTOPILOT CONTROL LAWS FOR CIRCULAR AIRFRAME

The control laws, which were used by the CBTT

autopilots of the circular and elliptical airframe, are

shown in Figures 2.6 and 3.3, as given in [Ref. 2].

The pitch control law for the circular airframe is the

same as determined in the uncoupled pitch channel study
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section II.B.2, and therefore, the equations which

represent it, are the same as in section II.B.3., except

the equation for pitch tail incidence angle which is:

The uncoupled roll and yaw laws are coupled via a

cross-coupling branch, shown in solid line in Figure 3.3,

in order to consist the linear coupled lateral control law.

In the roll actuator of the lateral control law, the

frequency has been changed from 110 rad.'sec to 60 rad/sec,

for improving of autopilot stability.

The autopilot cross-coupling branch between Roll and

Yaw channels has been added to provide coordinated motion.

Coordinated motion or zero sideslip angle is achieved by

directing the body fixed pitch axis of the missile if the

missile velocity vector, so that there is no component of

missile velocity along the body fixed yaw axis of the

missile. Figure 3.4, as given in [Ref. 2) shows the

attitude of the missile body with respect to its velocity

vector V.

When commanding an upward maneuver (i.e, * =0), the

missile body moves upward with its pitch axis directed at

the velocity vector until it reaches the desired maneuver

' level or angle-of-attack. No roll motion is required to

maintain coordination for this maneuver.
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* ;.~-; For maneuvers In the 0=45 or 90 degree directions, the

missile body rolls the desired * and moves its pitch axis
directed at the velocity vector, until it achieves the

*desired maneuver level. For maneuvers with * higher than

900, the missile must roll about the velocity vector, while

the Yaw channel directs the pitch axis towards the velocity

vector for minimum sideslip angle.

The missile is forced to roll about its velocity

vector, when the desired maneuver direction is in the
:'

negative angle-of-attack direction, because it is desired

to avoid negative angles-of-attack. These maneuvers are

.* illustrated in Figure 3.4.

-* The coordinating command rc, is a yaw angular rate from

a rate gyro. The command is equal to - Pael where ae=a

. (Figure 3.3) in the coordinating branch is the equivalent

angle-of-attack, which is exactly equal to angle of attack

(a), in the linear studies. The equations which represent

the lateral channel are as follows:

1. Roll Channel

a. Roll Command Compensator Equation

Same equation as in section II.E

b. Roll Rate Compensator Equation

0.1. +
:: ,, =(X- P/S-3)

" -,- - 5 +l(III.C. 1-2)

.' """97
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Inverse Laplace transforming and rearranging

the equation (III.C.l-2), it becomes:

:".- -5t0.05o3(i- 1r.3) + O.YS5 (X- P/5r.3) (III.C.l-3)

c. Psuedo Differentiator Equation

)(17 0-015 - 5 /T3 IIC14

£

Utilizing inverse Laplace transformation and

4. minor manipulating the above equation, one has:

"4 -6X + O.O18 (/5T3) (III.c.1-5)

d. Actuator's Compensator Equation

The frequency of the compensator was changed

from 110 rad/sec to 60 rad/sec for purposes of stability,

as referred in section III.C. The equation represents the

network is:
;:. S

+1
S - +

5 15
Using inverse Laplace transformation, the

S.

equation III.C.1-6, one obtains:
+

e. Actuator Equation

Utilizing inverse Laplace transformation and

rearranging the equation III.C.l-8, it yields.
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All the referred to above state variables, are

shown in figure 3.3.

2. Yaw Channel

a. Acceleration Compensator Equation

0.32 (III.C.2-1)

02+4

Inverse Laplace transforming, equation

III.C.2-1 becomes:

': -SY + (III.C.2-2)

b. Actuator Compensator Equation
SYC= Hq"O) is)" (Y- 0.458 a.r t.3+0T (III.C.2-3)

Utilizing inverse Laplace transformation and

rearranging the equation III.C.2-3, it yields:

SY o.sg (,0 4 ilfk-o.qs a. PF15?.3)+ + 9. (Y+ rl.3 -O.,2. E. Ps;. 3)
(III.C.2-4)

c. Actuator Equation

- : - 1ig .;t + 4o49S.3. •&c (III.C.2-5)

Making use the state-variable representation,

Vthe above equations, of the aerodynamic models and control

laws, can be modelled in the following, state variable

equation system:

" "a. 
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'0 4 o o o-1. 0 0 013201 0 0o , o r 0

0 0 0 -133.140 0 0 0 Sig.19 0 0 -1hQ P 0
6 oo o 0 0 0 0 0 0 0 0 0 0 00 o•~~~ 00ooooo
- .1m o -Gom,0 0 0 0 0 0 00o241, e o
0 0 -JT.G 0 -9 0 0 0 0 0 00

1, 0 0f3a -0.31 a4$1q 0352 4 0 0 -OqS 0 0 0.203 I + 0.8-81

, o o o-0.12 0 0 -6 00.T10 0 0 -0.525 14 0

0 W s.c (OL9 0.0912 1315 -JM6 -1 o.2g1 0 0 0.45 3 Sc .2115

0 0 0 0 M. Q.1-f q 0 0 a o

0 0 0 -0.z9s o 0 0 0 0 -5 0 0 o

&,. .0I4 .C -044 0 0 o 0 0 -O.1 42 S 0.0oI 0

0 0 0 0 0 0 0 0 0 0 IM. -41-€ SY 0

(III.C.2-6)

where the state variables are:

r : yaw angular rate

P : roll angular rate

* : roll angle

0 sideslip angle

X : output of roll command compensator

Y : output of roll rate compensator

X : output of pseudo differentiatnr

6R : input command in roll actuator
c

6 R roll tail incidence

Y : output of yaw acceleration compensator

:6y input command in yaw actuator
C

6y: yaw tail incidence angle

All the referred before state variables are

shown in Figures 3.2 and 3.3.
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D. ANALYSIS OF LINEAR CBTT AUTOPILOTS FOR CIRCULAR

AIRFRAME

In the analysis of the linear CBTT autopilots it is

assumed that the missile is initially in the desired

maneuver plane, is trimmed at ten degrees angles-of-attack,

the equilibrium roll rate Pe and equilibrium pitch rate Qe

-* were set equal to zero.

* - For purposes of analysis, a CSMP program was written

(Appendix G) using the equations of the aerodynamic models

and control laws of the linear CBTT autopilots for the

circular airframe.

Figure 3.5 shows the sideslip angle for the linearized

* CBTT autopilot, having a maximum value of 2.320. Since the

model is linear, and therefore the magnitude of the

sideslip is directly proportional to the magnitude of the

input command, a one radian roll angle command was used for

convenience.

The coupled autopilots have a roll angle response which

is the same, as the uncoupled roll channel response,

differing slightly in the overshoot, as shown in Figure

3.6.

The aforementioned values and plots are exactly the

same as the plots given in the (Ref. 2] therefore its

results are verified.
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Comparing the state variable form system with these

previous discussed in the section II.D and II.E, this is

the twelfth order system because it includes roll and yaw

autopilots and the matrices A,B are different than the A,B

matrices at the uncoupled roll and yaw autopilot, because

of the existance of the coordination branch. A
-E. AERODYNAMIC MODELS FOR ELLIPTICAL AIRFRAME

The dynamic models for elliptical airframe are the same

as those of circular airframe and are shown in Figures 3.1

.. and 3.2.

The differences of the circular and elliptical models

are in the following constants and linearized aerodynamics

derivatives:

w = 2475 (lbf)

Ixx - 110 (slug-ft2)

Izz - 790 (slug-ft2 )

-Y 0.015

C - -0.054

C
Cn

6R= 0.014

Cn - 0.024

C n ,
6  - -0.039
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"* CL
6Y- -0.010

. 'a - -0.027

-z 0.023

as referred to in Appendix A and Table I. The equation

which represent the aerodynamic model, are as follows:

A : g.18.q6q.+120.52i3-R- 9.30 .Y (III.E.2)

I -is4. + (III.E. )

. : :.;q52 p-+O.O54f.6-.o150SY (TII.E.4)

F. CBTT AUTOPILOTS CONTROL LAWS FOR ELLIPTICAL AIRFRAME

'S The control laws, which were used by the CBTT

... autopilots of the elliptical airframe are the same as those

of the circular airframe and are shown in Figure 2.6 and

3.3.

The differences which exist in the control laws of the

two airframes are the gain Ky. of the coordinated branch,

and the gains of the actuators.

Hence, the equations that represent the control laws

are:

1. Pitch Channel

0 The linear pitch control law equations for

the elliptical airframe, are the equations of the Pitch

'-'-".~ uncoupled channel, as given in section II.C.5.
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2. Roll Channel

Same equations as in par. III.C.
C" •

,* *b. Y-5Y,±0.0505 (X-Plsf.3)4.s5(Ji-P/gr.3)(II.C.1-3)

c, -6x, + o.o0re ( O/5.3) (II.c.3-5)

d. Actuator Compensator

Utilizing inverse Laplace transformation and

rearranging the equation III.F.2-1, it becomes:

e . Op -89. 4 Sp + 10. N55.X le Sit (III.C.3-8)

3. Yaw Channel

a. Acceleration Compensator Equation

0.939 (III.7.3-1)
_._5 +.1

Inverse Laplace transforming and rearranging

the equation III.F.3-1, it yields:

-:-11 Y+3.356 1 y (III.F.3-2)

b. Actuator Compensator Equation

Oy .608+ 601 +8Ir.-LIr3
S

(III.F.3-3)

Utiliing inverse Laplace transformation and

o rearranging the above equation, one obtains:

* &V~~ O.6O, (14~.~~ -.- *o (Y,- ) (II1.7.3-4)
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S.b

c. Actuator Equation

Same as in par. III.F.2.e

Utilizing the state-variable representation,

the equation which represent the aerodynamic model and the

control laws, can be modelled in the following

twelfth-order system:

0 0 0 1L05 0 0 0 0 1055 0 0 -29.32 0

S0 Q 445.2 0 00 0 2.210 o0 0 -54O 00. 0 ~ o o o
0 0.01M 0 0 0 0 0 0 0 0 0 - 0

-OAfi 0 00513 0 0 0 0 0 0 0 -0451 e 0
0 0 -a6 0 -6 0 0 0 0 o o 0 M4
0 -0.13 -o, t 0.13 0.35 -5 0 o -. 409 0 o o.oqT Y1 . o.3I%
0 0 0 -JL37 o 0 - 9.69 0 0 -4.2L2 X 0
0 _o -o.of3- 13A2 CILSS . .1 5 4.1' -56.5 -15 -10.21 0 0 q.4q o.9

0. .--- 0 0 0 0 0 0 M5.5 -igsA40 0 o
" ; 00 0 -0.3s0 0 0 0 0 -q 0 0.05 1 o

a J04 -0.0115 0 o.1s6 0 0 0 o o.s9; 5.1 0 -0.51 Sy- 0

L 0 0 0 0 0 0 0 0 0 4o0g.5-W.q- oY 0

(III.F. 3-5)

-'"re the state variables are:

r : yaw angular rate

p • roll angular rate
.4-. %

* : roll angle

-,.. : side slip angle

X : output of roll command compensator

Y1 : output of roll rate compensator

-" X1 output or psuedo-differentiator network1

R c input command in roll actuator

" : roll tail incidence angle
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; .4 Y : output of acceleration compensator in yaw
control law

6 Y input command in yaw actuator
C

6 : yaw tail incidence angle
y

All the state variables are shown in Figure 3.2 and

3.3. The above system is different in the matrix A and B

from the system discussed in chapter II for uncoupled Roll

and Yaw autopilots, because of the coordination branch

equation.

G. ANALYSIS OF LINEAR CBTT AUTOPILOTS FOR ELLIPTICAL

AIRFRAME

* in the analysis of the linear CBTT for elliptical

airframe, the same assumptions, which were made for the

circular airframe, are valid.

A CSMP program was written (Appendix G) with the above

equations, which represent the aerodynamic models and the

control laws of the linear CBTT autopilots.

Figure 3.7 shows the sideslip angle B for the

linearized CBTT autopilot, having maximum values of -0.460

and 0.260.

Figure 3.8 shows the roll angle response which has an

overshoot of 4 percent and is about the same with the roll

angle of uncoupled roll autopilot. The above plots verify

*the results, given in the [Ref. 2].
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H. RELATIVE STABILITY OF CBTT AUTOPILOTS OF CIRCULAR AND

ELLIPTICAL AIRFRAMES

When the coordinating branch gain Kyp was set to zero

in CBTT autopilot of the circular airframe, the maximum

sideslip angle increased to 2.8 degrees. Therefore, for

the circular airframe the coordinating branch is not very

effective in helping the yaw autopilot to reduce sideslip

angle.

If k is increased to unity, as it is for the CBTT

autopilot of the elliptical airframe, the maximum sideslip

remains below one degree for 3 seconds but the autopilot is

unstable. Modifying of the circular airframe will be done

-: Cin the non-linear CBTT, for minimization of the sideslip

angle.

Removal of the aerodynamic cross-coupling (i.e C. ,

C, Cn  ) had no effect on the sideslip angle. This

showed that the aerodynamic cross-coupling plays an

indirect role in determining the quality of sideslip

control by determining the relative stability of the

coordination branch or the magnitude of the coordination

gain Kyp. The magnitude of sideslip angle is dependent on

the nulling effects of two parallel paths shown in Figure

3.9, as given in [Ref. 2].
0 40 r:

4.

-'. ..
"4.:. . .
. *,..", . ,. - .:... , . .., . .., ., . . .-,.. . ...... . ,...., ...-. . ,-.- -.. .- .. . . . ..:.. . ..):.- ..K.



F ..

El

-4

--'-\ 4
/In

a,,.

a-I

.0

i

o
0

'a. - 4 0
4.o

Eo
c 0

a..

0

'pr 04

60

a 0

1.12

o. o . - -. • • o % . + • . • . o- o. ..

-. ' ; ' - '' 2 -,'- : . ---+ . .. : . ... ..... . ..... .-.... . , .. . ....-.. ......... .,.. .. + -,--:'--,.



.*. The contribution of yaw acceleration ny to the maximum

is negligible and therefore neglected. B is formed

mainly by the subtraction of the kinematic paths of aep and

the yaw angular rate r.

The coordination is obtained in the CBTT control law by

commanding the yaw autopilot with a yaw angular rate

command rc (Figure 3.2) of Kyp aeP, which forces r to be

equal to ae.p and therefore nulling as shown in Figure

3.9. The nulling process will be accomplished more

efficiently if Kyp =1.0. The reason the sideslip is not

nulled completely is that ny is not zero and r can not

equal r c over all frequencies.

The linearized CBTT autopilot of the circular airframe

was unstable, when the uncoupled channel control laws used

with a coordinating branch gain K of unity. The

autopilot was stabilized by decreasing to 0.458. The

actuator of roll control channel has a frequency of 60

rad/sec.

The stability of the CBTT autopilot for the elliptical

airframe is considerably better, due to the setting of K

at unity, which results in a substantial decrease in the

magnitude of sideslip angle as shown in Figure 3.9.
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CONCLUSIONS

1. The linear coupled autopilots verify the results of

the uncoupled autopilots and keep the sideslip angle small

for coordination motion. (section II.D. and II.E)
2. Further Conclusions about the relative stability of

the autopilots, about the gain Kyp of the coordination

branch and about the sensitivity of the autopilots to the

aerodynamic cross-coupling are given in chapter 7 of [Ref.

2].
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IV. NONLINEAR ANALYSIS OF CBTT AUTOPILOT FOR CIRCULAR AND

ELLIPTICAL AIRFRAME

A. GENERAL

The three dimensional nonlinear aerodynamic models

used for the analysis are shown in the Figures 4.1 and 4.2.

For the configuration under consideration, the assumptions,

which have been found to be consistent are referred to in

chapter 5 of [Ref. 2].

Nonlinear aerodynamics and mass parameters values are

presented in Appendixes A and B, as taken from the [Ref.

2]. The same flight conditions (i.e 60kft altitude and

SM=3.95) as in linear CBTT.

In this section the control laws for the non-linear

CBTT autopilots are discussed. The results for commanding

the CBTT autopilots for both airframes are shown and the

desired aerodynamic model to enhance CBTT performance is

determined. The performance of the CBTT autopilot for the

elliptical airframe is determined, when no lateral

aerodynamic cross-coupling exists and with ideal airframe

dynamics. Also the performance of the ?qCBTT autopilot for

the circular airframe is determined, when no inertial and

kinematic cross-coupling exist into the pitch autopilot.

The conclusion of the nonlinear analysis are stated.
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B. CONTROL LAWS FOR ELLIPTICAL AIRFRAME

The control laws used for the following nonlinear 3-D

studies were the same as those used for the linear studies

in section III, which are shown in Figures 4.3 and 4.4

'= taken from [Ref. 2], except for the gain as shown in the

bold line of the coordination branch in Figure 4.4. The

new gain a is held constant at one degree magnitude for

angles of attack less than one degree positive and greater

than negative 5 degrees. For angles-of-attack greater than

one degree positive, the gain a is equal to the angle of

attack. This maintains coordination for very small

: angles-of-attack.

Gravity effects were not included in the linear

-. studies, because it was assumed to have a negligible

influence on autopilot stability and response perturbations

about a missile trim conditon.

Gravity effects were included in the nonlinear

studies, where the missile body-fixed yaw axis will be

subjected to the full force of gravity and may therefore

have a significant influence on sideslip.

1. Pitch Control Law

The pitch control law for the elliptical airframe

is the same that is used in the linear studies in section

III.F., except in the command applied to the channel.

Ni N
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I. T* .7 coordinates,

In inertial rectangular coordinates, the

acceleration commands, are:

a. nc (acceleration command in inertial Zy

direction as in figure 2.4) = nZ - cos* IV.B.l-l

where: nZ : guidance command (gees)

-cos* : anti-gravity bias command (gees)

e = Elevation Euler angle = (qcosO-rsinO)dt

b. ny acceleration command in inertial Yv
C

direction, which is equal to zero, because it is desired

coordinated motion. In the polar coordinates, the

" acceleration commands are:

a. 2o 9 +VY

- -C

- (~ cCOSe (IV.B.1-2)

b. (IV.B.l-3)

hence Oc " n, and n =0,1,2..

Since the pitch control law of the elliptical

airframe does not have an integration in the acceleration

error path (i.e in the acceleration compensator as in the

case of circular airframe) and requires a gain in series

with the acceleration command shown in Figures 4.3 it was

necessary to modify the antigravity command as follows to

S..assure an anti-gravity bias of just one gee.

121
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nc  (elliptical airframe inertial acceleration command) =

= nZ - 0.913 cosE (III.B.I.4)

The autopilot was tested, using a commanded 2 gee

(00, 1800), that denotes an inertial command of 2 gees,

which is first applied in the 0 or upward direction at =

2 seconds for 3 seconds and at the fifth second is applied

in the 1800 or downward direction. Since at first both the

missile roll angle and roll angle command are at zero

degrees, there is no roll motion and the missile turns

upward as a skid-to-turn controlled missile. At fifth

second the missile is commanded to roll through 180 degrees

while moving in a coordinated manner in yaw and roll to

* 'minimize sideslip angle and prevent or minimize negative

angle-of-attack.

The other equations, which represent the nonlinear

"- 0"pitch control law are the same as for linear studies

section III.C. and the state variables are shown in Figure

4.3.

The equations are:
:!i Y,: 150oX + i50 "nts (IV.B.l-1)

S1 - -6Y-0.5305 1c+ O.SX (IV.B.1-2)

W=c A -0.393f (j + 4 15jl.3)-3.0! 'y-ql .3) (IV.B.1-3)

11:9. : -4 + 10495p + &i , r. , (iv.B.1-4)
I...

A,-I

- . --'.
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, - where:

n : achieved body-fixed acceleration in Z axis

Z B

nc : inertial acceleration command.

2. Lateral Control Laws

The lateral control laws are the same as those

used for the linear studies, except the modification in the

coordination branch.

The command * c for the roll control law is zero

for the first 5 seconds and 180 affterwards, as derived in

IV.B.1.

The equations which represent the lateral control

laws are the same those of section III.F.
'4 --- Y2 + 3 5 (0¥4S ,(IV.B.2-1)

0. ~ ~ 6.081*2

(IV.B.2-2)

- 4"

: where :

"-" and

4 .608 (IV.B .2-3)

S" Y -19&4~ (F'Y + 10 495.3 SV¢ (IV.B.2-4)

..:::"~Y -5P +0.05035(ii- 0.5-) + OTS5 (x4- PIsT.3) (V .25

-.6X, + 004 /s_3

(IV.B.2-6)

CV 2123
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9 -488. .&g 4 40V35.3 Sc (IV.B.2-8)

The state variables are shown in Figure 4.4. For

purposes of analysis, a CSMP program was written (Appendix

H).

C. AERODYNAMIC MODELS FOR ELLIPTICAL AIRFRAME

The aerodynamic models of Pitch and Roll-Yaw channels

for the elliptical airframe are shown in Figures 4.1,4.2.

The airframe dynamics under consideration, have a level of

complexity sufficient to determine the critical areas of

concern regarding the stability and response of CBTT

control.

1. Pitch Channel

The nonlinear aerodynamic model of the Pitch

channel consisted of the uncoupled model, coupled with the

Roll-Yaw channels via the inertial cross-coupling of rp

into q and the kinematic cross-coupling of -B.P into a.

Also the antigravity command coso cose is inserted into nz.

This model is shown in Figure 4.1.

The above terms consist of the nonlinear terms of

the pitch channel.

The equations which represent the pitch

aerodynamic model are:

" z-- CN /w ( Ses) (IV.C.1-1)

We. .'{t3 137g MIy (IV.C.1-2)
R" T

k 
15T -3 +-.3 m
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6-- + P./5 (IV.C. 1-3)

where:
1845

K .- = .48v

q =1650 (lbf/ft 2)

S = (ft2

. d = 2 (ft)

w = 2475 (lbf)

Iyy = 790 (slug-ft2

Functions CN(a,6p) and C m(a,S ) are nonlinear

functions shown in Appendix B that vary with a and 6p.

Substituting the values into the above equations,

they yield:

= -13333 (IV.C.1-4)

qn q P -" 2"p'fs5J. 95$1 ( (IV.C.l-5)

-. 63999 CN - O. 044q52 p.G (IV.C.1-6)

2. Lateral Channels

The nonlinear aerodynamic model consisted of the

uncoupled roll and yaw channels, which coupled via C

C and Cn  . Also the lateral channel coupled with
6YR

the lateral channel coupled with the pitch channel via the

inertial cross-coupling of -qp into r and the kinematic

cross-coupling of ap into 0. The above term is the

nonlinear part the lateral pitch channel. The nonlinear

lateral dynamic model is shown in Figure 4.2. The

* .- 125125
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v.. ' _.

) ?-.-> equations that represent the aforementioned model are as

follows:

i-., .v..2'

q4 (C-1,.8 + C'q1 *JY) /W (sees) (IV.C.2-1)

K "Y& + a.PI.3 -r 4egisec)) (IV.C.2-2)

q :". P 154-- + -s C, ,:+C S. (1(IV.C.2-3)

5r . q 4.~,4 C f4g e + l. 1 Gf+qdEITx (IV.C.2-4)

P/ST.3 (c kc)(IV.C.2-4a)
=P (des sm) (rv.C.2-5)

where:

K = 0.48

-. q = 1650 (lbf/ft 2 )

S -= (ft 2

.. d = 2 (ft)

w = 2475 (lbf)

Sxx = 110 (slug-ft
2

I -; = 853 (slug-ft
2)

as referred to in Appendix A.

Functions C (a.),, C (a), Cn (a), Cn (a) , C
.. .. un tiBs y (.)

C (a), C. (a) and Cn (a) are nonlinear functions which

vary with a angle-of-attack and referred in Appendix B.

Substituting the values into the referred before

equations one obtains:
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i:.:':-3 ('%. +CS; (IV .. 2-5)
S-0. 63998 Ng -.8 4 Cy& -SY) +O.Of;.q52 a.--" (IV. C. 2-6)

540359 ( *-t~... + C~y K' + C% i?(V C -
"S.

[ d-- P  (IV. C. 2-9)

"- D. ANALYSIS OF NONLINEAR CBTT-AUTOPILOTS FOR E.LLIPTICAL

o . -2 2

,-. AIRFRAME

.w
e *'For purposes of analysis, a CSMP program was written

(Appendix H) with the aforementioned equations of the

aerodynamics models and control laws of the nonlinear CBTT

autopilots.

To decrease computer time, appropriate initial
conditions were inserted. The initial conditions are%

a : angles of attack = 2.41 degrees

a 6p : pitch tail incidence :a 0.658 degrees
" : pitch Euler angle = 0.636 rad

,t.X : output of pitch acceleration feedback lag l gee

Y : output of pitch acceleration compensator =-0.0105
6p : pitch actuator command 2 -. )148 rad

"PC

The achieved maneuver plane acceleration n z iscalculated from the body-fixed accelerations (Figure

4.6c and (Figure 4.7 and the roll angle d (Figure 4.13

as follows:
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B ills. cYs. + (IV.Dl,)

Figure 4.5 through 4.16 show the responses of n z ,

ny , a, 8, q, p, r, 4, 6p, 6y and 6R* Also these figures

and table II show the time constants and the overshoots of

the referred before variables.

Figure 4.5 shows that the achieved inertial

acceleration nz doesn't satisfy the requirement of the

overshoot (i.e below 10 percent) and it is not acceptable.

The results of this analysis verify the result of the [Ref.

2].

im
q

E. CBTT PERFORMANCE WITH IDEAL AIRFRAME DYNAMICS FOR

'ELLIPTICAL AIRFRAME

The purpose of the following simplifications to the

airframe dynamics model is to isolate the critical

cross-coupling paths, which have caused, the transients in

the maneuver plane acceleration responses.

The dynamic model without the coupling paths will be

referred to as ideal dynamics. Although ideal dynamics are

not physically attainable, it is a useful goal for both

autopilot and airframe designers.

The same guidance commands are applied to the CBTT

autopilot of the elliptical airframe as in par. IV.B.l

(i.e, 2 gees ( 0 , 180o) but with lateral aerodynamic

4*. cross-coupling removed. That means, the aerodynamic

•%om
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cross-coupling was removed. The major influence of the

aerodynamic cross-coupling in the elliptical airframe

response has been to decrease the overshoot in the achieved

maneuver plane acceleration resulting from the second

guidance command.

In addition to aerodynamic cross-coupling the

kinematic cross-coupling of -Op into a and inertial

cross-coupling of pr into q were removed. Therefore, the

only cross-coupling which exist in the airframe dynamic

model are the kinematic coupling of ap into 0 and the

inertial coupling of -qp into r. There is also the

autopilot cross-coupling of the coordinating command from

the Roll to Yaw channel.

The equations, which represent the modified

aerodynamic model by removing the referred cross-coupling

are same with those as in paragraphs IV.B.1, IV.B.2, IV.C.1

and IV.C.2, with the only difference in the following

equations:

1. Pitch Aerodynamic Model

9 =5-3 4 a~d Cm ,y ii eS (3seC2)
T51. S5 4 1 Cm (IV.E. 1-1)

and

: K- kq CN 1W)
- g+ ..

0. 63999 CN (IV.E. 1-2)
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2. Lateral Aerodynamic Model

-04452q.p + 66.4f ,64C6-ls "s)
(IV.E.1-3)

. and
•I

54031 
(IV.E.2-2)

For purposes of analysis, a CSMP program (Appendix

H) was written, using these equations. Figures 4.17

° through 4.24 show the time responses of the nZ, nZ , a, 1,
B

q, r, 6p, 6y, 8R* The above figures and table II show the

time constants and the overshoots of the variables.

Figure 4.17 and Table II show that the achieved

. inertial maneuver acceleration satisfy the requirements for

the time constants and overshoot, when the cross-couplings

which were discussed befere have been removed.

Figure 4.25 (taken from [Ref. 2] shows the

critical feedback paths which couple the pitch and yaw

channels via missile roll rate.

The aforementioned figures and plots verify the

results of the [Ref. 2].

F. CONTROL LAWS FOR CIRCULAR AIRFRAME

The control laws used for the circular airframe are

the same as those used in the linear studies, except for
142
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STABLE II. CBTT PERFORMANCE OF £LLIPTICAL AIRFRANI

. - VARIABLE VALUE TIME (sec) CROSS- T(sec) (sec)
COUPLING OIershoott O0ershoott

nzmin -2.934(gees) 5.061 All 0.48 and 0.41 and

"ma', 1,351(gees) 5.661 All @1 11.25*k'n nlmax

n Zmin -2.934(gees) 5.062 ideal 6.48 and 0.37 and

n.937(gees) 5.853 ideal @% el

amin  1.35(deg) 6.10 All

amax  6.75(deg) 3.10 All

amin  2.22(deq) 6.295 ideal

amax 6.75(deq) 3.10 ideal

Bmin  -0.9(deq) 5.49 All

smax  1.49(deg) 6.05 All

BmIn  l.53(deg) 5.45 ideal

•max 1.07(deg) 5.91 ideal

n -10.6(deg/sec) 5.639 All

qmax 9.5(deg/sec) 2.337 All

qmin -7.9(deq/sec) 5.328 ideal

qax 9.5(deq/sec) 2.337 Ideal

Pmin -14.115(deg/sec) 6.600 All

Smax 282.094(deq/sec) 5.387 All

P, n -14.29(deg/sec) 6.606 ideal

aP 281.928(deg/sec) 5.387 ideal% max

rm -2.32(deg/sec) 5.90 All

r max 33.1(deq/sec) 5.32 All

rmi n  -0.178(deg/sec) 7.036 ideal

rma x  37.5(deq/sec) 5.29 ideal

Note:
0 0

All the above referred values are for command 2(0
°
, 189

62 percent time constant of achieved maneuver plane

acceleration due to the first guidance command.

T2 63 percent time constant of achieved maneuver plane
acceleration due to the second guidance command.
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the gain (a) of the coordination branch of lateral control

laws, as mentioned in the study for the elliptical

airframe.

The same 2 gees (00, 1800) guidance commands and

flight condition were used for direct comparison with the

performance results of the elliptical airframe.

However, to decrease simulation run time, the first

guidance command and anti-gravity bias were applied at zero

time with no missile or autopilot initial conditions.

1. Pitch Control Law

The pitch control law for the circular airframe is

the same as that use in the uncoupled autopilot shown in

Figure 4.26. The command used in the autopilot is

different than the one used in uncoupled channel and it is

as follows:

c -Cos@ (Iv.B.l-1)

as referred to in section IV.B.l

The equations which represent the nonlinear pitch

control law are the same as those in section III.C. of

the linear pitch control law, using KA2= -0.0387
2

The equations are:
(IV.F.l-l)

)C X + 150f41
Y671 3- 153 (vir.-X) (IV.F.1-2)

(IV.F.1-4)
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*. ". . .r . . .,.,.-.,. . . . .- . .

I' --1.8S.L cSq + 1OF29.3 (IV.F.1-5)

The state variables of the above equation are

shown in Figure 4.26.

2. Lateral Control Laws

The lateral control laws for the circular airframe

Sare the same as those used for the linear studies, except

the modification in ae (or a) which was referred to before.

The same command is used, as in the elliptical

airframe. The equations which represent the lateral

-control laws are the same those of section III.C.l and

" III.C.2. and they are:

2 p--5¥2 + i- Cye (IV.F.2-1)

o .42Z5 (y ~- O.00133(a+(1ePce)] +4.956'2 J-OOO13Sii(t.p)

":~ ~ ~ r ; . _3.

(IV.F.2-2)

where:

* and 0

zy -1814 Sy 4.I1f95.3 S (IV.F.2-3)

: 3 - , - 1 .Co'+I. ;d (IV.F.2-4)

-1. 0.05033 Nx, - AIkr.3) +0o.;S 5 (XI - P/5?43)
(IV.F.2-5)
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. %-:i~
: ! ! i  : x: o~os (6/s.3](IV.F. 2-6)

&'C -15 P 40.25 (N,-i2)4(Y4-x2 (Iv.F.2-7)
IM. glq e 4 0495.3.- Sit (IV. F. 2-8 )

The above state variables are shown in Figure

4.27.

G. AERODYNAMIC MODELS FOR CIRCULAR AIRFRAME

The aerodynamic models of Pitch and Roll-Yaw channels

for the circular airframe are the same as those of the

elliptical airframe and are shown in Figures 4.1, 4.2, the

2 .only differences which exist between them, are the

aerodynamic mass parameters and nonlinear derivatives

changes, as referred to in the (Appendices A and B).
Hence, the equations which represent the dynamic

models are:

1. Pitch Channel

-I-v=-i4cg (w (ses) (IV.C.l-3)
iP.y..5. + ,. Saci CM se' (Iv.C.1-2)

M-3

6= +K% -S3 (dg(Iv.c. -3)

Substituting the values for aerodynamic and mass

parameter for circular airframe, the above equations

become:

} : 2.05292 - Cli (IV.G. 1-1)

q :-O.0MT452 .r+136.860q4( (IV.G.1-2)
-. 15

156



% 0'-

(C4 LO
0 0 +

ul VI

q- C4 _ I

0 0

'00 da'

+. W

u SL

'to

La

+ 1 4)

UlU

E4

rz4

C157



-, q 0 -N O.Oi1Tq52 p-6 (MV.G.1-3)

2. Lateral Channels

% *I A% (cyt.'+ cyS .6v) I/W (lees) (Iv.C.2-1)

K -4,, + a. pIn 3 -r (ac Istc) (Iv.C.2-2)

-g'j + - d cv 9+C1 ,g
Ii (IV.C.2-3)

Pz T3 Zq:d 4 yy-S 4 jxx
(IV.C.2-4)

P P (de (5ec) (IV.C.2-5)

* Substituting the values in the above equations,

they yield:

.NBe 2.05292 (cy -. + cy.y -y) (IV.G.2-1)

6 z .qssq(Cy,.G+CYS7.&) +o.o1?15 p.(-r (IV.G.2-2)

0. -.452 9-P + I43.3231 (G4 .+ G%.Y +cg .S4.)

(IV.G.2-3)

H. ANALYSIS OF NONLINEAR CBTT AUTOPILOTS FOR CIRCULAR

AIRFRAME

For purposes of analysis, a CSMP program was written

(Appendix H) with the equations representing the

aerodynamic models and control laws of the nonlinear CBTT

autopilots for referred airframe.

At first, in order to understand the effect of faster

response, in the reduction of the effect of kinematic and

inertial cross-coupling, the pitch acceleration error gain
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KA Figure 4.26 was reduced to KA = 0.0274 for slower

response.

The equation, which represents the acceleration

compensator after the above reduction, is:

NC -X) (IV.H-l)
s. +

Utilizing method of state-space representation with

forcing term derivatives, the equation IV.H-1 yields:

- -0. S5804" - (¢C.-X) (IV.H-2)

* = -5.-V + 4.6 5 3 ( - -X ) (IV .H-3 )

Using the above equations, instead of the equation

* IV.F.1-2 and IV.F.1-3, a new CSMP program (Appendix I) was

written.

Figure 4.28 shows that the achieved maneuver plane

acceleration has a good response to the first command which

is applied at zero time. The missile with the circular

airframe moves upward like a skid-to-turn missile, as did

the elliptical airframe missile, because the motion is in

the desired maneuver direction and therefore the roll

channel is not commanded.

The time constant of the achieved maneuver response i

is equal to 0.49 seconds. The achieved maneuver plane

response due to the second guidance command applied at 3

seconds, shown in Figure 4.28 is reacting differently to

the kinematic and inertial cross-coupling than the
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elliptical airframe in Figure 4.5. Rather than overshoots

and undershoots, a slowing transient starts at 3.5 seconds.

Figure 4.29 shows that the overshoot in the body-fixed

pitch acceleration, due to the kinematic and inertial

cross-coupling during the second command, is 60.8 percent

which is substantially more than it was for the elliptical

airframe and occurs much sooner at 3.66 second.

Figure 4.29 through 4.39 show the time responses of

the ny , a, B, q, p, r, o, ap, a and 8R* Above figures
* C

and table III show the characteristic of the responses of

the variables for the circular eirframe, when the KA =

-0.0274.

The referred results of this study verify the results

2 of [Ref. 21.

I. EFFECT OF INCREASING PITCH CHANNEL SPEED OF RESPONSE

In order to reduce the effect of kinematic and

inertial cross-coupling during the second guidance command,

the response of the Pitch channel of the CBTT autopilot for

the circular airframe was made faster as shown in section

II. This was accomplished by increasing

the acceleration error gain KA = -0.0387.

using the above gain KA the equations represent the
2

acceleration compensator are the IV.F.1-2 and IV.F.1-3.

The effect of the change in KA on achieved body fixed

acceleration (Figure 4.40) results in the achieved maneuver

161
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-.- %TABLE III. cBT PeRroRNmAuti or CIRCULAR ArRFRAmE

VARIABLE VALUE TIME~ame) CONDITION -r (see); .- (see);
o~!ershoott o~ershoott

n mx 1.092(ges) 5.10 K A 0.46 and 0.52 and

n amn -3.044(qaes) 3.060

n OO 1.199(qees) 4.540 K A 0.34 and 0.62 and

n Zain -1.125(ges) 0.825 St 1.85%

n 1.982(gess) 5.040 K 0.34 and 0.53 and
A3

n lain -3.125(q..s) 0.025 5% @1

a mx 1.5d1  1.432 KA

a min 0(deg) 0

a mx 11.499(deg) 0.862 KA

a min 6.053(deg) 3.656

a 11.488(dell 0.862 Kmax3

a min 0(deg) 0

B max 4.25(deg) 3.461 K A

amin -0.399(deg) 4.286

Baa 3.633(deg) 3.458 KA

a min -0.326(deg) 4.296

amx 5.114(dog) 3.608 K A3
Bai -6.414(deg) 4.628

qma1  21.39(dog/sec) 0.285 K A

q -8.84(doq/sec) 3.220

qm81  29.562(deq/sec) 0.261 A

q.,1n -14.323(deg/aac) 3.225

q max 29.562(doq/sec) 0.261 K A

h.quin -17.575(daq/aecl 3.251

PO 276.5(dog/sec) 3.394 K A

"min -14.166fdeg/aec) 4.6

%ain -14.671(deg/sec) 4.5

p.a 277.574(doq/soc) 3.

rax A26(e/e) 32

ta -13.456(doq/se) 4.567

r a 23.159(deg/s~el 3.287 K

r; m.. ~ rin -1.6(d~q/sac) 4.516
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plane acceleration response (Figure 4.41). Figure 4.41

shows that the achieved maneuver plane acceleration

response during the first guidance command has improved.

Table III shows that increasing the KA resulted in a

decreasing in maximum sideslip angle 3.66 and a slight

decrease in yaw angular rates (maximum 21.4 degrees).

J. EFFECT OF INERTIAL AND KINEMATIC CROSS-COUPLING IN

PITCH CHANNEL

The cross-couplings, (-OP) into a and (rP) into q ,

. were removed in order to assess their effect on

performance. Hence, the equations for a and q in the pitch

aerodynamic model becomes:

-q + 1. ̂ 8 (le3 Isec) (IV. J-1)

9 5T-3q. 4d Cm 1yy (IV.J-2)

Replacing the values to the parameters of the above

equations, they yield:

L - (3254 (S N (IV.J-3)

4 CHF32.%OCM (IV.J-4)

where CN, Cm nonlinear functions which vary with a and

ap referred to in (Appendix B). The lateral aerodynamic

cross-coupling was retained. For purpose of analysis, a

CSMP program (Appendix I) was written.

Comparing Figures 4.42 and 4.43 with figures 4.40 and

- .i - 4.41 it is concluded that the undersirable transients are

gone. 175
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Table III shows that the achieved maneuver plane

acceleration time constant for the secnnd guidance command

has decreased.

Figures 4.44 through 4.50 show the time responses for

a, a, q ,r, 6p, 6y, and 6R when the KA is equal KA= -0.0387
3

and the kinematic and inertial cross-coupling of the Pitch

channel have removed.

K. CONCLUSIONS

1. The maneuver plane responses have transients,

which may have to be reduced, are caused by inertial and

kinematic coupling between pitch and yaw dynamics.

Transients cause excessive overshoots and undershoots in

achieved maneuver plane acceleration for elliptical

airframe (Figure 4.6) and excessive slowdown in the speed

of response for circular airframe (Figure 4.28, 4.40).

2. The result of the nonlinear 3-D performance study

verify the linear study of chapter III.

3. The results of this study verify the results of

A [Ref. 2].

-~ Further analysis and conclusion about a, q, r, p

14. and 8 are discussed in [Ref. 2].
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S-. V. MINIMIZATION OF THE KINEMATIC AND INERTIAL

CROSS-COUPLING EFFECTS

A. GENERAL I
The nonlinear CBTT autopilot for both airframes,

consisted of the uncoupled autopilots discussed in section

II, which coupled via inertial, kinematic and aerodynamic

couplings.

The effects of the cross-coupling were discussed for

both airframes in section IV.

In this section the kinematic, inertial and

aerodynamic coupling effects will be sumarized. The

- kinematic and inertial effects in the pitch channel will be

analyzed.

The minimization of the above coupling and their

effects will be studied, using feedbacks of angle of attack

and rate of angle of attacks.

B. CROSS-COUPLING OF CBTT AUTOPILOTS

As discussed in previous sections, the four

cross-couplings, between the autopilot channels for both

airframes are:
1. Aerodynamic Cross-Coupling

The aerodynamic cross-coupling is the coupling

between the Roll and Yaw nonlinear channels, via the
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C9 , C& and Cn (Figure 4.2). The major effect of the

YR

above coupling in the elliptical airframe response is to

decrease the overshoot in the achieved maneuver plane

acceleration resulting from the second guidance command,

(i.e 2 gee (1800), the other effects on the missile

variables were small but in a direction which improves

performance (i.e decreased missile body angular rates, less

control surface motion, less sideslip variations). in the

circular airframe, the effects of the CL Cn are
6R

negligible, the critical coupling coefficient is the C

which effects the stability in the coordination branch,

which can be improved by reducing the effect of CL on

Y
missile roll angular acceleration. (equation IV.C.2-4)

2. Cross-Coupling Between Roll-Yaw Autopilots for

Coordination Motion

This cross-coupling branch, shown in Figure 4.4,

has been added between the yaw and roll control laws, in

order to provide coordinated motion between these two

channels. For purposes of stability the coordinating

branch gain K was selected for the elliptical airframe

= 1 and for the circular airframe K = 0.458. The

elliptical airframe is more stable than the circular with

* the above selected K
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3. Kinematic and Inertial Cross-Coupling

The kinematic and inertial cross-coupling exist

between the pitch and lateral nonlinear aerodynamic models

of the CBTT autopilots. There exist the following

cross-coupling paths between pitch and lateral channel.

a. Kinematic cross-coupling path of (-6p) into a

in the pitch aerodynamic model (Figure 4.3).

b. Kinematic cross-coupling path of (ap) into

* in the lateral aerodynamic model (Figure 4.4).

c. Inertial cross-coupling path of (pr) into q in

the lateral dynamic model (Figure 4.4).

d. Inertial cross-coupling path of(-qp) into r in

g W the lateral dynamic model (Figure 4.4).

The efffects of the inertial and kinematic

coupling are the transients in the achieved maneuver plane

acceleration response, and have the form of overshoots and

undershoots discussed in section III, IV. Transients may
1P

also result in a slower maneuver plane acceleration

response and are less pronounced at higher acceleration

levels.

Coupling transients may be reduced by increasing

4 pitch stability, by decreasing maximum roll rate (section

IV), by improving the autopilot coordination technique to

minimize sideslip rate B (section IV), by increasing the

' q .effects of stabilizing lateral aerodynamic coupling
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(negative C.), by increasing pitch channel speed of

response (section IV) and by increasing the pitch stability

Cm with feedbacks of both angle-of-attack and rate
a

of angle-of-attack for the pitch autopilot.

C. KINEMATIC AND INERTIAL CROSS-COUPLING IN PITCH

AUTOPILOT

The kinematic and inertial cross-couplings in the

pitch autopilot, are via the pitch angular rate q and the

rate of angle-of-attack ( ) (Figure 4.1)).

The equations for q and a (figure 27) are:

.:_ ____. _ _ . . + .(V.C.l)

a: /5T3 (V.C.2)

where:

rP/57.3 - Inertia Cross-Coupling

-OP/57.3 = Kinematic Cross-Coupling

Removing C from the parenthesis in (V.C.1) and
a

combining with (V.C.2) to eliminate q, the (V.C.1) results

in: •C +
.-'- Iyy5 " .

(V.C.3)

.19
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* . Let:j

and

-°

Taking the Laplace transform of (V.C.3) and solving

* for a, the equation becomes:

-ie

CE + 2 SP (V.C. 4)

°+

Increasing the magnitude of Cma will decrease bothK2

and

and /K1 resulting in the reduction of cross-coupling

effects on the angle-of-attack (a) and the influence of 6
p

in the a.

In the section III the equation of n was derived:B

which involve (a). Therefore, the reduction of inertial

and kinematic effects on (a), results in the reduction of

the effects in the achieved body-fixed acceleration (nz
B

In the nonlinear studies the equation for the achieved

inertial acceleration was derived as:

S.-(V.C.6)

It is apparent from the equations (V.C.4), (V.C.5) and

(V.C.6), that an increasing of Cm results in the reduction
a

of kinematic and inertial effects (i.e transients in the

*response) in the achieved inertial acceleration (nz) , which
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a -- it is desired in order to meet the requirement of time

constants (TI, T2) and percents of overshoots and

undershoot, as referred in Appendix C.

D. MINIMIZATION OF THE KINEMATIC AND INERTIAL

CROSS-COUPLING EFFECTS IN ELLIPTICAL AIRFRAME

As discussed in the nonlinear studies, using the pitch

angular rate q as feedback and under the influence of the

inertial and kinematic effects, the achieved inertial

acceleration (nZ) for both airframes doesn't meet the

requirements of the time constants, overshoot and

undershoot, denoted for the linear autopilots, referred to

in Appendix C.

Figure 4.5 and Table II show that the achieved

inertial acceleration (nz) for elliptical airframe with

feedback the pitch angular rate (q) has overshoot 11.25%

and T= 0.48 sec, T = 0.41 sec.

Figures 4.40 and Table III illustrate that the

achieved inertial acceleration (nz ) for circular airframe,

with feedback the (q) has overshoot 5% and T=-.46 sec,

T= -.62 sec. Hence tne (nZ) for both airframes is not

acceptable.

In order to minimize the inertial and kinematic

cross-coupling effect, namely to have smoother transient

- response of n which will meet the requirements of time

192
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constants and overshoot, the magnitude of Cm was increased,

utilizing as feedback the angle-of-attack and its

derivative.

In order to increase the magnitude of Cm the
a

stability augmentation theory was used.

Considered as stability derivative augmentation m-46

and increase the magnitude of M and Mj directly, as

referred in [Ref. 61, the increases in the Ma is

essentially an increase in Cm  and hence the inertial and
a

kinematic effects on the angle-of-attack are reduced.

In the pitch control law (Figure 3.1) a SAS exists

using as feedback the pitch angular rate (q). In order to

design the SAS with the angle of attack (a) as feedback,

the root locus and lead-lag compensation techniques were

used.
1. Stability AugmentationSystem (SAS) With Feedback

of the Pitch Angular Rate (q).

In Figure 5.1, the stability augmentation system

is shown, with feedback of pitch angular rate q where the

transfer function of the /6p for the uncoupled pitch

dynamic model, given in section II.C. The closed-loop

transfer function of the above SAS is:

k '(' +i) (S;3) (i. S - ;.Tf is)

S(v.D.-1
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'i .. ' Manipulating equation V.D.l-10 it results:

6%2- V, (.21NS,14224IJ363S -4I44312)

0g.009. 0 .'0.*~.2. x(-51gs' (V.D.201-2)

The poles and zeros of the SAS are as follows:

a. P1 - -188.43

b. P2 = -3.45

C. P3 = 3.269

d. P4 = 0.*0

and

e. Z1 - -8.0

f. Z2 = -0.186

The other two zeros are at infinity.

The root locus of the system is shown in Figure

(5.2).

The K was selecting at the value of -3.07, because

at this value, the system has two dominant roots at P112 =

-9.212±j7.606 which dominate the response of the system,

having the following characteristics:

a. ka&an'V' 06 .2 4.I

b. 3c eO.133. =cosq= . .
coi W

d. W .. 11.205 (raLAl'SC

where:

; : damping constant

S: frequency of system

. -.. : natural undamped frequency
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4

a

Fig. 5.2 Root locus of SAS with q/6p, of pitch

channel; CBTT of Elliptical airframe
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2. SAS with Feedback of the Angle of Attack (a) and

, rate of angle of attack (a)

The SAS with feedback the pitch angular rate q

(Figure 5.1) and K = -3.07, is stable and the dominant

roots gives damping ratio C = 0.73 in the response of the

system.
-.

To minimize the coupling effects the angle of

attack (a) was selected as feedback in the previous SAS.

It is desired the SAS to have the same behavior as before,

for purposes of stability and response of whole the pitch

channel.

Pole zero cancellation technique is used, to

obtain the same poles and zeros, as in the case with

feedback the pitch angular rate q.

For above purposes, a compensator was used in the

SAS, as shown in Figure 5.3.

The transfer function of the compensator is:
-4.35?;- S - -1-iIII
-02.s- 1.3 (V.D.2-l)

The closed loop transfer function of the SAS is as

follows: ) ) 3 -.0.s-- , T

..' .,l t i )I-o.2.S w.3s) C'I"  II,%, S'+o.18Si.si+.

(V.D.2-2)

where the transfer function a -O " .S-5"4 097 is

'' ">: '" derived in the section II.C.3. p
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Rearranging and manipulating the equation

(V.D.2-2), it becomes:

K (5-913i 122v9mSIHS+J0222.449-S+ 42245:g.o%)

(V.D.2-3)

The poles and zeros of the system are:

*P = -1877.931

P2 = -207.391

P' - -3.447
P3

P4 - -3.271

P 5 = 0.0

and

Z1 - -2067.838

Z2 = -8.0

z 3 - -0.186

The other two zeros are at infinity.

The root locus of the system is shown in figure

5.4.

Selecting the K - -3.07, the system has the same

dominant roots PI, 2 = -8.249±j7.577, as in section V.D.l.

3. Acceleration Loop

Considering the achieved acceleration loop in the

Pitch channel, the modification of the SAS, effects the

transmission gain of the above loop.

. ".-.
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In order to compensate the effect in the

transmission path, a compensator was added as shown in

Figure 5.5.

The transfer function of the compensator is the

inverse of the V.D.2-1: -0.02- S- 4i.57
z(S)= - (V.D.3-1)

Modifying in this way, the transmission path of

the acceleration loop, the gain of path, is the same as in

the case of par. V.D.l.

4. Measuring of the Minimization in the Kinematic and

Inertial Cross-Coupling Effect

In order to measure the minimization a CSMP

S " program (Appendix J) was written using the equations of the

nonlinear aerodynamic models, the equations of nonlinear

lateral control law and the equations of the modified pitch

control law.

The equations of the modified pitch control law

are the following:

a. Acceleration lag network

SX -i5OX4150%? (II.C.4-2)

b. Acceleration second order compensator (Figure

F- 55s) Y"- (-aoo). (-o.o2. s-4I. 5fl
5.5 (Li1~-x - ++1 (-M~ss-us:)(V.D.4-1)
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* Utilizing inverse Laplace transformation and

-rearranging the above equation, one has:

I +.Isim Y +Jiss Y = -0.000232 (i, 1-X-0.(4., kx) (V.D. 4-2)

Using space representation of a system, in which

the forcing function involves derivative

* [Ref. 5, pp 675-678], one obtains:

.4 2 - -0.0002515"1c +0.000232 X (V.D.4-3)

*2 :- -J , 1 - S.616W2 -O.53 2 . +OA;i'-X (V. D. 4-4)

Y Wj (V.D. 4-5)

c. Compensator of Actuator

&PC- K(-401.51s .i is)
*: -Y (-0.02.S-41-35?) (V.D.4-5a)5 ('0--2-S-l-.31

Using the method for state representation and

rearranging the equation V.D.4-5 yields:

dp: &+ 4K" 532.322X60('-CLFIS..3) (V.D.4-6)

op: -,206.SS - I. 106 X40' -1 -I5ST.3) (V. D. 4-7)

Sp. 2S8.lS(Y-a15.3) (V.D.4-8)

d. Equation of Actuator

Selecting K-3.07, for the compensator of SAS, with

feedback (a) the time constant T (i.e time constant of
%-

achieved maneuver acceleration due to the first command) is

0.45 sec, the time constant T (for second command) is 0.41

. sec and the undershoot is 20.73 percent as shown in figure

5.6.e
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* The above response of the inertial achieved

maneuver acceleration does not have, smooth transient,

because of the large undershoot.

Due to the above reason, another K was selected

equal to -19.37, for minimization of the coupling effects.

With this selected K the system has the following

poles, shown in figure 5.4

PI,2 = -98 ±j96.239

P3  = -1879.06

P4  = -8.596

P5 = -0.189

With the same zeros as section V.D.2, the

dominant poles of the system are Pl'2 and the

characteristics of the response are:

a. e = 44.24

b. = 0.716

c. W = 93.775 rad/sec

d. w n= 134.412 rad/sec

It is shown in known (Ref. 6) that the wn can be

expressed as:

MOL

(V.D.4-9)
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and

.,4= C . P-M2A (V. D. 4-10)

where:

y: specific weight of air 1.4

I: moment of inertia

P: Local pressure

M: Mach number

A: Area

Comparing the wn = 134.412 for the K = -19.37, it

is apparent that it is much larger than the wn = 11.203 for

K = -3.07 and hence according to the equations V.D.4-9 and

V.D.4-10, the Cm increases essentially, resulting in
a

minimization of kinematic and inertial cross coupling

effects.

Figure 5.7 shows, that with K = -19.37 and

feedback in SAS the (a), the achieved inertial maneuver

acceleration has Yi - -.49 sec, 12 - -.38 sec and overshoot

about S%.

The above analysis illustrates that the selection

of K - -19.37, instead of K - -3.07, keeps the damping

ratio about constant C - 0.71 (C - 0.73 for K --3.07) and

increases the Wn, which essentially increases the Cm,n' a

resulting in very smooth response of the achieved maneuver

acceleration.
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Using the same particular compensators in the

Pitch channel shown in Figure 5.5 and feedback the rate of

angle of attack (a), the Pitch channel becomes

uncontrolable for both selection of K - -3.07 and K =

-19.37, because the pitch tail incidence exceeds the limits

of -100.

Also, selecting the K - -19.37 in SAS of Figure

5.1 with feedback the pitch angular rate q the Pitch

channel becomes uncontrolable again, due to the exceeding

of the limits in 6p.

Therefore, for minimization of the kinematic and

inertial effects (i.e improving of the transient response

of the achieved maneuver acceleration) for this particular

airframe and flight conditions, the Cm was increased,
a

using the aforementioned compensators in the pitch control

law (Figure 5.5) and feedback the angle-of-attack (a).

Comparing the achieved inertial acceleration (nZ)

with feedback (q) in the Pitch channel (Figure 4.41) and

the achieved inertial acceleration (nZ) with feedback (a)

and K- -19.37 (Figure 5.7), it is concluded that for these

particular airframes and flight conditions the feedback of

angle-of-attack (a) is more desirable, than the feedback of

(q) and (a), because in the achieved inertial acceleration

has been reduced the kinematic and inertial effects,

meeting with this way the requirement of the time constants

...< and overshoot, denoted in the linear studies.
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E. MINIMIZATION OF KINEMATIC AND INERTIAL COUPLING IN

ELLIPTICAL AIRFRAME

Making a comparison in Figure 5.8, which shows the

kinematic cross-coupling (-p8) into , in the pitch channel

with feedback pitch angular rate (q) and Figure 5.10 which

shows the -pO in the modified pitch channel (Figure 5-5)

with feedback the angle-of-attack, it is concluded (Table

IV) that the kinematic coupling is increased from

(-00.988-5°.877) to (-2'.124-7°.383), when the kinematic

coupling effects are reduced by the modified pitch channel.

Figure 5.9 shows the inertial coupling (pr) into q in

__ the nonlinear Pitch channel, with feedback the pitch

*-. angular rate (q).

A, Figure 5.11 shows the inertial coupling for the

modified Pitch autopilot with feedback the angle of attack

(a) (Figure 5.5).

Comparing the above figures, it is concluded (Table

IV) that the inertial coupling is increased from

(-1°.692-168'.317) to (-200.373 - 1810.415), when the

inertial coupling effects are reduced by the modified pitch

channel discussed in previous section.

Hence, the minimization of the kinematic and inertial

effect does not mean necessarily minimization of the

cross-couplings themselves.
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For minimization of the kinematic and inertial cross

coupling, the same modified nonlinear pitch control law was

used as that of section IV.D (Figure 5.5), except the

acceleration compensator which was removed from the

transmission path of the n as shown in Figure 5.12.

For purposes of analysis a CSMP program (Appendix J)

was written, using the following equation for the nonlinear

pitch control law and the same equation for lateral control

law and dynamic models, as in section IV.B and IV.C.

)( is : 5X + '150.'18 (IV.B.1-1)

'j -6"-O.50.S'0Y l +O I-X (IV.B.1-2)

p: + W. 532.382X403. (Y/-aJST.) (V.D.4-6)

&* =: -206-IS SP, - . -1400.186X4O6 (f-cI5T.3) (V.D.4-7)
;?: j,' - k. 25g.4 (Y- a1-3) (V.D.4-8)

&" : -i8.4.&p + 40-495.3.pc (Iv.B.-4)

where K m 19.37.

Figure 5.13 shows the minimized kinematic coupling and

Figure 5.14 shows the minimized inertial coupling. Figures

5.13, 5.14 and table IV illustrate that the minimization of

the kinematic and inertial poupling is 264% and 195.26%

respectively from its values in the nonlinear CBTT

autopilot for elliptical airframe. Figure 5.15 shows the

achieved inertial acceleration (nz), with the Pitch channel

modified for minimization of kinematic and inertial

coupling (Figure 5.12). From this figure it is concluded

214
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TABLE IV

KINEMATIC AND INERTIAL CROSS-COUPLING FOR
ELLIPTICAL AIRFRAME

CONDITION INERTIAL (deg/sec2) KINEMATIC (deg/sec2

MIN MAX MIN MAX
Elliptical airframe
with cross-
coupling -1.692 168.847 -0.9881 5.877
(section IV.C)

SElliptical ideal
airframe (section -1.698 167.37 -2.124 7.383
IV.E)

Elliptical airframe
with modified Pitch

- autopilot -20.373 181.415 -1.88 8.644
V" K = -19.37

(section V.1)

Modified Pitch
autopilot K = -30.4 -7.263 169.371 -1.956 8.711
(section V.D.)

Modified Pitch
autopilot for -0.0577 57.5322 -0.523 1.363
minimization of

cross couplings
(section V.E)

. K -19.37

Note: K is the gain of the added compensator in SAS of the
Pitch autopilot.

_--.' -''. ""
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that the kinematic and inertial effects (i.e transient in

achieved acceleration response) is increased.

F. MINIMIZATION OF THE KINEMATIC AND INERTIAL

CROSS-COUPLING EFFECTS IN CIRCULAR AIRFRAME

As shown in Figures 4.28, 4.40 and 4.42 the achieved

maneuver acceleration in the circular airframe has very

smooth response, in regards to the overshoot or undershoot

on it.

The effect of the inertial and kinematic

cross-coupling in the nonlinear aerodynamic model is that

"" the response of the inertial achieved acceleration has a

slowing transient starts at 3.5 seconds, as discussed in

section IV.G. Hence, minimization of the effects means in

the circular airframe improvement of time constant during

the second guidance command.

1. Stability Augmentation System (SAS) with Feedback

the g.

Using the same method for minimization, as in

section V.D, the SAS of the pitch channel for the circular

airframe with feedback q is, as shown in Figure 5.16. The

transfer function of the q/8p is given in section II.C.

The closed-loop transfer function of the above SAS

is:

220
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* 4

+5 4) ( 59maOIl s3i5

IM Z g~ 1 1)jj+)s4~~Is4I3 (V.F. 1-1)

IK. (jW+1) (ST.3) (7 5140"oS - CM

Rearranging equation V.F.1-i, one obtains:

It: (2o.39 s34.JFo~Oo25S+232;S+234f?)

(V. F. 1-2)

The poles and zeros of the SAS are: (1)

P1 - -188.438; (2) P 2 , 3 ' - 0.0739tj6.657; (3) P4 - -0.143;

(4) Z1 - -6.55 and (5) Z2 a -0.118. The other two zeros

are at infinity. The coot locus of the SAS is shown in

Figure 5.17. The selected value of K is -15.6 and the

domnan cots re 1,2 - -10.736l)7.536 (F3guK'e 5.17) .

With those dominant roots, the response n* thie systes has0

equals to 35.06 degrees; C equals to 0.8id; e quals to

7.545 rad/sec and wn equals to 13.125 rod/sec.

2. SAS with Feedback of the a

For minimization of inertial and kinematic effect

in the circular airframe, the same technique was used (i.e

pole-zero cancellation technique) as in section V.D.2 and

the resulted pitch control law with feedback of

* angle-of-attack (a), is shown in Figure 5.18.

The transfer function of the added compensator in

the SAS is given by equation V.D.2-2.

.%: 222(V.D.2-2)
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Fig . 5.17 Root locus of SAS with q/6p CBTT of
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The closed loop transfer function of the referred

before system is given by equation V.D.2-3:

- +_i) -W. -5-6 ' . (o.(.0394.59 )

,+ U.( +4) S5. .C-5- cgs) (-O.039 5- S.)

(V.D. 2-3)

where the transfer function a/$ is given in the
p

* section II.C.3, rearranging and minor manipulating the

above equation, one obtains equation V.D.2-4:

w. (20.3.?+ 3Oo.2s e+ O3S2. . s 236 2. s)
.1 ~-aoo~f s5-2Ar SUI'.M ~229.1s'-fwu"9.s-26Xq.E. C(oi saiu'3ev

(V.D.2-4)

- The poles and zeros of the modified SAS are,

P1 m -1499.623, P2 = -188.53, P3 '4 = -0'0739-j6"656' P5 -

-0.142, Z1 = -1499.6, Z2 = -6.55, Z3 = -0.1182 and all

other zeros at infinity.

The root locus of the system is shown in figure

5.19, it is apparent from above Figure, that for k--15.6

the dominant roots are the same as those in section V.F.l.

Considering the transmission of acceleration nc :
path, as in the elliptical airframe, a compensator was

added in the path, for compensation of the effect in it,

which is created by the added compensator in the SAS, as1 Ishown in Figure 5.20.
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3. Measuring of the Minimization in the Kinematic and

Inertial Cross-Coupling Effect

.A CSMP program (Appendix K) was written using

equations of nonlinear lateral control law (section

IV.G.2), of the aerodynamic models (section IV.4) and the

following equations of the modified nonlinear pitch control

* law:

a. Acceleration lag Compensator

',Z - Vsox + 5041So (II.c.4)

b. Acceleration Second-Order Compensator (Figure

3.20) (

______ c -_ #. J9S6OV 3 .l

(~~kX5) S .9-+I). (g.o.- 6.9845)

Utilizing inverse Laplace transformation and

S..- rearranging the above equation, yields
,S.

V3 +5i13V+o.59 Y= =-. v N.02 , X~) ~~ ) (iX

(V.P. 3-2)

Using state-space representation referred to in

(Ref. 5: pp 675-678), one obtains:

W1, W2- (•0.0-(2299(1C-X) (V.P. 3-3)

0-.5512. W -5 - VA. .'3.3( -- X) (V.F. 3-5)

V3  Wi (V.F.3-6)
-V

N:'
Z'. 228
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c. Compensator of Actuator in SAS

('13 M) -- )4(-O 394- 59.0)

Utilizing, the aforementioned method for state

representation and rearranging the equation V.F.3-7, it

. yields:

&P 442 1.- r -1soo &i'a- .. Nx IoasIOv. F. 3-9)CT:r- X' : -.(32-14) (Y,- L 1q.3) (v.F.3-1,)

d. Equation of Autuator

-J-

Selecting the K = -15.6 and KA2= -0.0387
2

(Figure 4.26) and feedback the pitch angular rate (q), the

achieved inertial acceleration nz, has T. = -.34 sec, 2 =

0.62 sec and overshoot 5% (Figure 4.40, Table III).

This response of the n is unacceptable

because it doesn't meet the requirement on the time

constant, referred to in Appendix C.

Selecting K = -15.6 and KA = -0.0387 (figure

5.20) and feedback the angle of attack (a) in the pitch

channel the achieved inertial acceleration nZ (Figure 5.21)

has = -.35 sec, = 0.6 sec and overshoot 7%, which is

6 again unacceptable.
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It is known (Ref. 6) that:

Hence, in order to reduce the T it is needed

to increase the Cm. Selecting K = -70.88 and KA = -0.0387
a

(Figure 5.20) with feedback the angle of attack (a), the

dominant roots of the SAS (Figure 5.18) are P112 -

-90.55±j87.95 and the characteristics of the system

response are 0 = 44.16 degrees, = 0.79 , w = 87.932

rad/sec and w = 126.212 rad/sec. With that selected k the

z decreases from 0.818 (when K- -15.6) to 0.72 and the w

increases from 13.125 rad/sec (when K = -15.6) to 126.212

rad/sec.

Figure 5.22 shows, the achieved inertial

acceleration nz , when K = -70.88, KA =-0.0387 and feedback
-~ 2

the (a). The 1 = 0.33 sec, T2 = 0.48 sec and overshoot

14.33 %. It is apparent that the T2 decreases, which is

desirable but the overshoot increases, because the damping

ratio € decreases.

In order to reduce the overshoot and to keep

the time constants below the 0.5 sec, the KA reduces to

-0.0274 (Figure 5.20) and the gain Kyp (Figure 4.27) of the

coordination branch in the nonlinear lateral control law

increases from 0.458 to 1.0.

Using K - 1.0 (Figure 4.27) in the

6 . coordination branch in the lateral control law, KA

231
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-0.0274 in the acceleration compensator and K = -70.88 in

the added compensator in the SAS with feedback the

angle-of-attack (a) (Figure 5.20), the obtained achieved

maneuver acceleration has = -.43 sec, T2 = -.37 sec

overshoot 8.9%, as shown in figure 5.25 and table V.

Using in the pitch channel with the

aforementioned particular compensators, as feedbback the

rate of angle of attack (;) and making all the above

selection of KA, K and Kyp, the whole system becomes

uncontrolable because the required tail incidence angle

exceeds the limits of +10 ° .

Also using the selections of K, KA, Kyp and

Cfeedback pitch angular rate q (Figures 4.26, 4.27), again

- the whole system becomes uncontrolable, because the

. required tail incidence angle exceeds the limit of ±100.

The above analysis illustrates that the

angle-of-attack is more desirable feedback than the (q) and

(a), in the nonlinear pitch control law for these

particular circular airframe and flight conditions, because

it reduces the kinematic and inertial coupling effect, such

that the achieved inertial acceleration (nZ) meets the

requirements of the time constants and overshoot, referred

to in the linear studies.
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TABLE V

CHARACTERISTIC OF THE INERTIAL ACHIEVED ACCELERATION (nZ )
FOR CIRCULAR AIRFRAME

CONDITION TI (sec) T 2 (sec) overshoot

K 0.0387, X = -15.6 0.35 0.6 7

'V KA = 0.0387, K = -70.88 0.33 0.48 14.33

KA = 0.0274, K = -15.6 0.435 0.51 8.6

KA = 0.0274, K = -70.88

Kyp= 1 0.43 0.37 8.9

Note: KA: pitch autopilot acceleration gain in acceleration
A compensator

T 1 : 63 percent time constant of achieved maneuver
plane acceleration due to first command

T2 :63 percent time constant of achieved maneuver
plane acceleration due to second command

K : gain of the coordination branch
Ky gain of the added compensator is the SAS of pitch

autopilot

237

-. . . . . . V
4-.- . . . . . . *. ....



-- - . --

-/ " G. MINIMIZATION OF KINEMATIC AND INERTIAL COUPLING IN

CIRCULAR AIRFRAME

As in the elliptical airframe comparing the values of

the inertial and kinematic cross-coupling for the circular

airframe, namely, the (P.r) and (-p$), referred to in table

VI, it is concluded for this particular analysis that as

the coupling effects in the nonlinear Pitch autopilot are

reduced, the cross-couplings themselves are increased.

In order to minimize the cross-couplings, the pitch

control law was modified, as shown in Figure 5.26.

For purposes of analysis, a CSMP program (Appendix K)

was written, using the following equations for the

iMm nonlinear modified pitch control law, lateral control law

and dynamic models, as in sections IV.G and IV.H.

l. -I5X +(o- s(iI.c.4)

2. W2-IA "O 0 22 98( '1cL- X) (V.F.3-3)

3. W2 3 - W(A" 34. so (Mc-X) (v.F.3-4)

4. -W3 =-O.Sg W2-5. I34W3 + KA' 4,3.385 (Ik-X) (V.F.4-5)

5. Y3: 01 (V.F.4-6)

6. 0 - .9% -o-,oss -( 6 -22309 V-a/;.a)

(V.F.4-7)

. which is the equation IV.G.1-4, except of the

feedback, which is the angle of attack (a) instead of the

pitch angular rate (q).

7. "---1 - .& pq + 40195.34p, (IV.G. 1-5)
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-• TABLE VI

KINEMATIC AND INERTIAL COUPLING FOR CIRCULAR AIRFRAME
I

CONDTION INERTIAL (deg/sec2) KINEMATIC (deg/sec2)

MIN MAX MIN MAX

Circular airframe
with cross- -0.008 92.794 -1.132 0.012
couplings
(section IV.G)

with cross-
coupling and
faster response -0.0768 100.573 -2.04 0.0353
K - -0.0387,
kA - -15.6
(section V.F)

with cross-
coupling and
faster response -9.a212 103.553 -1.89 0.0436
KA : -.0387,
K -70.88
(section V.F)

with cross-

coupling and
slower response -0.107 118.294 -2.97 0.0387
K -9.0274.
K -15.6
(section V.F)

with cross-
coupling and
slower response -0.0743 109.411 -2.32 0.0431
K Aa -0.0274,
K a -70.88(section V.1)

with cross-
coupling
slower response -6.0791 199.841 -0.8662 1.0541
and increased gain
in the coordinated
branch K - 1.0.
KA -0. 7

K a -70.88
(section V.F)

with cross-
coupling slower
response and
modified pitch -2.264 38.386 -0.01788 -0.6021
control law as
section V.G
K A - -0.0274

...... Note: KA K, K as referred in section V.F and V.G.
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Figures 5.27 and 5.28 show the minimized inertial and

kinematic cross-coupling, with feedback the

angle-of-attack, with K = -0.0274 and K = -70.88.

A1

Comparing the values of the above minimized inertial and

kinematic coupling, with the values of the kinematic and

inertial coupling when the pitch channel has feedback the

pitch angular rate (q) and KA = -0.0274, as given in table

VI, it is concluded that the couplings when the pitch

channel has feedback angle-of-attack (a) and the

aforementioned particular compensator (Fgure 5.26), were

reduced 228.29% for inertial and 190% for kinematic.

Also; comparing the Figure 5.25 which illustrates the

achieved inertial acceleration nz for circular airframe

with minimized coupling effects and Figure 5.29 illustrated

nz for circular airframe with minimized coupling, it is

concluded that as the coupling reduces, the coupling

effects increases.

H. CONCLUSIONS AND RECOMMENDATIONS

The conclusions that follow are based on a single

representative flight condition (Mach 3.95 and 60 kft

altitude) and for the particular analysis which was done in

this chapter.

1. From the studies in this chapter, it is concluded:

Iw a. Transients in maneuver plane acceleration are

241
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Fig. 5.27 Minimized inertial Coupling (P.r) vs Time (t)
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"] caused by kinematic and inertial coupling between pitch and

yaw dynamics through missile roll rate. Transients are in

the form of overshoots and undershoots (section V.8).

b. Using as feedback in the nonlinear pitch

channel for both airframes the pitch angular rate (q), the

transients in the maneuver plane exceeds the denoted

requirements and the achieved maneuver acceleration is not

acceptable (sections V.D and V.F).

c. Using as feedback in the nonlinear pitch

channel for both airframe, the angle-of-attack (a) and

modifying suitably the pitch control law (Figure 5.5 and

Figure 5.20), the transients are minimized below the

_. "- desired requirement and the achieved inertial acceleration

(nZ) is acceptable. (sections V.D and V.F).

d. Using as feedback the rate of angle af attack

(a), the whole system becomes uncontrolable because th,.

pitch tail incidence (Sp) exceeds the limits. (sections

V.D, V.F).

e. Using as feedback the rate of angle of attack

(a) and modifying suitably the pitch control law (Figure

5.26), the kinematic and inertial coupling are reduced

dramatically, comparing with their values when the used

feedback is the pitch angular rate. (sections V.D, and V.G)

f. Using as feedback the rate of angle of attack

(a), in the modified pitch channel (Figure 5.26) for

""- 245
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minimization of kinematic and inertial coupling, the whole

system becomes uncontrolable, because the pitch tail

incidence (6p) exceeds the limits. (sections V.E and V.G)

g. Minimizing the inertial and kinematic

cross-coupling effects, the values of kinematic (-p8) and

inertial (pr) coupling increase. (section V.E and V.G)

h. The above conclusions show, that for the

particular airframe, flight conditions and analysis is not

possible to achieve minimization of the kinematic and

*' inertial cross-coupling effects and simultaneously

minimization of the cross-couplings themselves.

2. Recommendations

Considering the studies of this work and the

0. 7 conclusions, it is recommended:

a. Further analysis of the minimization of the

kinematic and inertial cross-coupling effects and the

cross-coupling themselves in other airframes, and with

other analysis to achieve simultaneous minimization.

b. Further analysis of the CBTT autopilots in

other flight conditions for verification of the above

results.
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APPENDIX A

MISSILE SIZING AND MASS PROPERTIES

In order to provide a realistic missile based on the

configuration concepts tested aerodynamically in [Ref. 1),

the models have the following characteristics.

Characteristic Circular Elliptical

Length (in) 168 168

Max. Diameter 24

Max. Major axis (in) 41.57

Max, Minor axis (in) 13.86

Weight (lbs) 2525 2475

I (slug-ft2) 40 110

Iyy (slug-ft2 ) 804 790

I (slug-ft2)  810 853Izz
c.g distance from L.E (in) 100.8 100.8

Reference length d (ft) 2 2

Reference area S(ft2) 7t
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"V - -" APPENDIX B

NONLINEAR AERODYNAMIC DATA

The aerodynamic data were taken from [Ref. 2]. For

reference, the normal and pitching moment curves at M =

3.95 have been produced in fig. B.l and B.2 for the two

Z- configurations in [Ref. 2]. The aerodynamic derivativies

C Y, Cn, CL, with respect to sideslip angle 0, yaw control

6y, and roll control 6R are presented in figures B.3, B.4

- and B.5 of [Ref. 2] as used in the computer simulation,

- namely, as piece wise linear segments for ease in

Sinterpolation.
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, APPENDIX C

REQUIREMENTS FOR UNCOUPLED AUTOPILOTS

The requirements for the classical design technique of

the uncoupled autopilots are given in (Ref. 21 and are the

following:

1. Acceleration time response

a. 63 percent time constant of 0.5 seconds for a

step command of acceleration at the flight condition of

interest, (i.e M = 3.95 and altitude 60kft) and small

angles-of-attack. This response is representative of a

tactical missile of this size.

b. Overshoot 10 percent

c. Zero steady state error in acceleration to

reduce variations of guidance navigation gain.

2. Relative stability

Gain margins 6db, phase margins 30 deg with a

goal of 12 db and 50 deg.

3. High Frequency Attenuation in Actuator Command

Branch

It must be > 15 db at 100 rad/sec and zero

angle-of-attack. This requirement will provide sufficient

high frequency attenuation for 30 Hz actuator and for body

bending modes, when high frequency filters are added. This
requirement also limits autopilot speeds of response.
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